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IpenucnoBue

DTH 3aMeTKH NOSIBUJIMCD KaK pe3yJibTaT Kypca «leHCTBUTebHbI H p-alH-
YeCKHHl aHaJu3», KOTOpbli Obll NMpouHTaH aBTOpoM rfo nporpamMve MASS B
ocenneM cemectpe 2000 r. BeiGop Tembl Gbl 06yCJI0BIEH KaK BHYTPeHHEH Kpa-
coToll NMpeaMeTa p-aJHuecKoro aHa/u3a, He BrOJHEe 0ObIYHOrO ANs CTYAEHTOB
MJIa[IULIHX KypCOB, TaK H BO3MOXXHOCTbIO CPAaBHHTb 3TOT NpeaMer ¢ 6oJiee 3Ha-
KOMbIM MM BellleCTBEHHbIM aHaJIOroOM.

Y 3t0ro noaxoma ectb HeCKOJILKO Mejaroriueckux npeumyiects. M nef-
CTBUTEJIbHbIE, H p-aJHUecKHe YHCJ1a MOoJyqaloTCsl H3 paLye!:” IbHBIX NPH NIOMO-
LM TIPOUEypbi NOJ HAa3BaHHEM IONOJIHeHHe (KOTOpast MOXeT ObiTb NpHMeHeHa
K J1060My METPHUeCKOMY MPOCTPAHCTBY), €CJIH HCMOJIb30BaTh Pa3JHuHble pac-
CTOSIHHSI Ha MHOXKECTBe pallMOHAJbHbIX YHces: 0ObluHOe eBKJIHIOBO pPaccTos-
HHe JJ1S IeHCTBUTENLHBIX YHCENl U HOBOE p-afuyeckoe AJsl p-aJHyecKHX, AJs
NPOU3BOJILHOrO Mpoctoro uucaa p. Tor ¢akr, uto p-aaHueckoe pacCTOsiHHE
YIOBJIETBOPSIET «CHJBbHOMY HEPABEHCTBY TPeyroJibHHKa», SIBJSETCS NMPHUHHOM
MHOTHX YIHBHTEJIbHbIX CBOHCTB p-aJHUeCcKHX UhCeJl, a TaKXKe PHBOIHT K HHTe-
PECHbIM OTJIMYUHSIM OT KJ1aCCHYECKOro BEeLeCTBEHHOrO aHaJu3a, NoJo6HO TOMY
KaK OTpHLIaHHe MSTOro nocrynata EBKAHAA 0 NapaselbHbiX NPSMbIX MPHBO-
IMT K HeeBK/HI0BO# reoMeTpuH. C Apyroii CTOPOHBI, MOXOXHMH OKa3blBalOTCS
YTBEPXK/IEHHUS, He 3aBHCSILIHE OT KCHJILHOTO HEPABEHCTBA TPEYroJIbHHKa», H B
9THX CJlydasix OJHO M TO XK€ [0Ka3aTeJbCTBO paboTaeT U 1Jisl BeleCTBEHHO-
ro, H il p-aJlueckoro cayuasi. AHasu3 OT/IHUMI TOMOraeT CTyLeHTaM Jyyllie
MOHATb J0Ka3aTeJbCTBa B 060MX CJydasx.

XoTsl MaTepuaJs 3THX 3aMeTOK OMHCLIBAETCS! B HECKOJLKHX KaK KjaccHue-
CKHX, TaK H HelaBuux paborax [l, 2, 4, 5, 6,7, 8, 10], B HHX oH HJH OcTaeTcs
Ha CPaBHHUTEJILHO 3JIeMEHTapHOM ypOBHe C GOJIbIIMM aKLEHTOM Ha TEOPeTHKO-
YHCJIOBBIX aCMeKTax, WM JOBOJbHO ObICTPO BBLIXOAHT HA ypPOBEHb, CJHILIKOM
CJIOXKHBIA 1151 CTYIEHTOB MJIaaUIMX KypcoB. Mo# co6CTBeHHbIH BKJal COCTOSLI
B 0TOOpE MOAXOASILLIEr0 MaTepHana, B YIpOLIEHHH HEKOTOPbIX 10Ka3aTeNbCTB H
M3JI0JKEHHH HX B MOAXOJSLIEM KOHTEKCTE.

Sl TakKe BK/IOUMJA B 3TOT KYpPC HECKOJIbKO TeM H3 BelleCTBEHHOro aHa-
JIM3a H 3JeMEHTapHOH TOMOJIOTHH, KOTOpble OObIUHO He H3YYaloTCs CTydEeHTaMH
(BrosiHe HecBs3Hble MPOCTPAHCTBA H KaHTOPOBbI MHOXKECTBA, TOYKH pa3pbl-
Ba oToOpaeHHil U TeopeMy Bspa o KaTeropuH, CloOpbeKTHBHOCTb H30MeTpHH
KOMMaKTHbIX METPHUECKHX MPOCTPAHCTB). DTH TeMbl MIOMOIJIH CTYIEHTaM Jiyy-
llle MOHATb BELLECTBEHHbIN aHa/lH3 M CBSI3aTb BELECTBEHHbIH H p-aiHuyecKHuil
KoHTekcT. CTaHapTHOe oMHcaHHe STHX TeM MOXKHO HaHTH B KHHre [9]. OcHoBs-
Hble TOHATHS aJre6pbl 06CY>KAAIOTCA OUeHb KPaTKO, H YHTaTe]b OTChilaeTcs K
JN1I060My CTaHIapTHOMY yueGHHKY no ab6cTpakTHoH anreGpe, Hanpumep K [3].
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Kypc conpoBoxnascsi 3HauuTe bHbIM KOJHYECTBOM 3ajay [Jisi CaMoCTOsI-
TeJIbHOTO pelleHHs (C aKLeHTOM Ha JJ0Ka3aTeslbCTBa), KOTOpble MPHCYTCTBYIOT H
B 3THX 3aMeTKax. B yacTHOCTH, HEKOTOpbIe YaCTH 10Ka3aTeJbCTB H3 OCHOBHOTO
TEKCTa OCTaBJAIOTCA B KauecTBe YNpaKHeHHH. XOTsl 3TH yrpaXKHeHHst MOryT
3aTPYAHHTb HENpepbIBHOE YTeHHe, OHH NOMOTaloT CTyLeHTaM [Jy6xKe MOHAThH
npeaMeT M eN1aloT 3TH 3aMeTKH BIOJIHE MOAXOAALLMMH /ISl CAMOCTOSITEIbHOTO
H3YyUeHHs.

[TomMuMo pelueHHst 3anay cTyaeHTaM ObUlo MpPEAJIOXKEHO cleNaTh JOKAa-
Jbl Ha [IOMOJIHHTesbHble TeMbl. JlOKJalbl, HEKOTOpPble M3 KOTOPbIX OblLIH Ha
JI0BOJIbHO BbICOKOM YPOBHe, BKJIOYaJi cllefyloliive: «KoHeuHble paclinpeHus
p-alHUyecKUX YHCeN H p-ajHyeckHe OKPYXHOCTH»; «M3oMeTpHH Ha MHOXe-
CTBe LEJbIX p-aJHuecKHX UHCeN»; « p-adHUeCKHH COJIEHOHI»; «X -ajuuecKas
HOpMa Ha NPOCTPaHCTBe CTeNeHHbIX psinoB»; « DyHkuus Curiym»; « Pas6uenus
Ha TPeyroJibHUKH paBHOH MJiollafl»; « EBKJIHIOBBI MOJIe/M MHOXECTBA leJblX
p-anuueckux uncen»; «[locrpoenne rpacduueckoll Moaenu Kpusoii [1eaHo ¢ no-
MOLLbIO KAHTOPOBAa MHOXKeCTBa»; « MoaH(HUHMPOBAHHDIH rapMOHHUECKHH pSLy;
«O nuaroHaJbHbIX KyOHUECKHX YpaBHEHHSIX».



[asa 1

Apupmemura
p-aduuecKux ducen

Lesib nepBoil YacTH THX JIEKLHI — BBECTH IM1aBHbIH 00'beKT: nose p-adu-
weckux uuces Qp, onpejenenHoe s KaXxjioro npocToro Yueaa p.

Tak e KaK W noJe fefcTBUTeNbHBIX UHces R, noje Q, Moxer 6biTh Mo-
CTPOEHO H3 NoJisi palMOHaJbHbIX uHcen Q Kak nonoaxenue Nno HeKOTOpoH
HopMe. DTa HOpMa 3aBHCHT OT NMPOCTOro YHC/A p H KapAMHA/NbHO OTJIHYaeTCs
OT CTaHAapTHOI eBKJIHUIOBOH HOPMbI, KOTOpast HCMOJb3yeTCs sl Onpe/iesieHHUs
mHoxkecTBa R. OnHako B 060HMX C/lyyasix pe3ysbTaTOM MOMOJHEHHs siBJsieTCs
Hopmuposarroe nose (R u Qp); 310 obluee NMOHATHe JETa/bHO H3yyaeTcs
B §2. Ho cHauana (§ 1) Mbl HanoMHHaeM, uTo mpejcTaBasieT coboil npouenypa
nomnoJiHeHHst B GoJsiee 3HAKOMOM cJyuyae JefCTBHUTeNbHbIX ydcea (oT Q k R),
1 TOJIbKO MOTOM TepexouM K 0606LUEeHHIO Ha POH3BOJIbHbIE HOPMHPOBAHHbIE
noas (§3).

[Tocsie 3THX MpefBapUTENbHBIX 3aMeUaHHH Mbl NEPEXOHMM K LIeHTpaJbHOMY
pasaeny yactd 1 (§4), rae cTpoutes nose Q,.

B §§ 5—8 paccmarpuBatotest anrebpanueckie M CTPYKTypHble CBOHCTBa
p-anuueckHx uuces. TaM, a Takxke W B MOCJELYIOLIMX YacTsX, Mbl O6yaem no-
cTostHHO cpaBHHBaTb Q, M R, noguepkHBas Kak HX CXOACTBA, TaK H Pa3/NHuHs.
Hakonew, B §§9, 10 o6cyknatoTcst 10MOJHUTENbHbIE BONPOCH], HANPSMYIO He
CBfI3aHHble C OCHOBHbIM COJiepXKaHHeM Kypca.

§1. Ot Q k R; noHATHE MONOJHEHHS

JleficTBUTe/IbHBIE UMCAa (MX MHOXKeCTBO 06o3Hauaercst R), noJyuatores U3
palHOHAJbHBIX C MOMOILBIO MPOUENypbl, KOTOpasl Ha3blBaeTCsl NONOAHEHUEM.
ITy npouenypy MOXHO TNPUMEHHTb K JIIOOOMY MempuuecKkomy npocmpam-
cmsy, T.e. npoctpaHctBy M ¢ dyHkumeli pacctosinus d. HanomHum, uto ¢yHk-
uus

dMx M- R,

onpelesieHHast Ha MHOXECTBE BCeX YNOPSIOYEHHbIX Nap (X, y) 3jeMeHTOB
HENyCTOro MHOXKecTBa M, HasblBaeTcst paccmosHuem, eCid oHa oGjanaer
CJIe[lyIOLIHMH TPeMsl CBOMCTBaMH:

1) d(x, y) 2 0; d(x, y) = 0 Torna u ToJIbKO TOTAA, KOTa X = y;

2) d(x, y) = d(y, x) nns mobbIX x, y € M;

3) d(x, y) < d(x, 2) + d(2, y) s mobbIX X, y, 2 € M.



[TocnenosaTenbHOCTb {r,} TOUeK MeTpHYECKOro MpocTpaHcTBa M Ha3biBa-
ercsi nocaedosamervHocmoo Kowu, eciu s mo6oro € > 0 cyllecTByeT Ta-
KOe HaTypaJbHoe uncio N, uto ecau n, m > N, 1o d(ry, rp,) < €. Ecan ao6as
nocJsenobarenbHocTh Kown u3 M umeer npenen 8 M, To M Ha3biBaetcs noa-
Hol mempuueckum npocmparncmsom. Eciu npocTpaHetBo M He moJiHoe, TO
CylllecTBYeT TaKoe MeTpHueckoe NpocTpaHcTBo M, uto

1) M nosxoe;

2) M conepxuT noaMHoxecTBo My, H30MeTpHUHOE MPOCTpaHCTBy M:;

3) My Bcroay miotHo B M (T.e. Kaxnas Touka u3 M siB/IsieTCst MpesiesibHON
TouKo# MHOXecTBa My).

JloKa3aTe/IbCTBO NMpeCTaBseT CO60 SIBHYI0 KOHCTPYKLIHIO NONOoNHeHHs M.
Ero sneMeHTbl — 3TO KJacChl KBHBaJIEHTHOCTH MocJefoBaTesbHocTel Kouiu
3 M (xBe nocnenosaTenbHocTH Koluu X, W y, Ha3blBalOTCS IKBUBANCHM-
Houmu, ecnu d(x,, y,) — 0). [logpoGHocTH npuBeneHb HHXKe B TeopeMe 3.4,
rjle paccMaTpHBAaeTCsl YACTHBIH caydyail METPHUECKHX MPOCTPAHCTB, Ha3biBae-
MbIX HOPMUPOBAHHLIMU NOAAMU, BKIIOUAOILME Q.

HOas M = Q mbl UMeeM 06blYHOE €BKJIMAOBO PacCTOSIHHE MEXMIY palllo-
HaJIbHbIMH YHCJAMHU:

d(ry, r2) = |ry — rel. (1.1)

3aMeTHM, UYTO 3TO pacCTOSHHE «IOJyyaeTcsl» W3 eBKJAMLO0BOH HOpMbl Ha Q,
KoTopasi npecTaB/sieT co60i abCOAOMHYO 8eAU URY U SIBASETCS OObIYHBIM
paccTosiHHEM Ha «UMCJIOBOH OCH».

Jlpyroe onucanue nonoJiHeHust MHoXecTBa QQ, npuBoasiuee K R, 6osee 13-
BECTHOE H He Takoe abCTPaKTHOe, OCHOBbIBaeTCSl Ha 6ECKOHEUHbIX AeCATHUHbIX
1po6six. PauroHabHble UHCIa XapaKTepH3YIOTCS TeM, UTO X NpeACTaBJeHHs B
BHIe 6ECKOHEUHOH NecATHYHOH APOGH SIBJSIOTCS MEpHOAHYECKHMH (YrnpakHe-
uue 1). C npyro#i ctopoHsl, Ji06as 6ecKkoHeuHas! AecsiTHUHasl ApoOb MpeiCcTaB-
JISIeT HEKOTODPYIO TOYKY Ha «UYHCJIOBOH OCH». TakuM o6pa3oM, yIOOHO OTOX-
LEeCTBUTb Oedcmaumenbrole 4ucaa ¢ 6eCKOHEUHbIMH ECATHUHBIMH 1POGSIMH.
Kaxnoe nonoxxuresbHoe NeACTBHTEJbHOE UHCJIO @ MOXKET ObiTh 3aMHCaHO Kak
JlecsiTHYHas Apobb

a=Y apl07* (1.2)
k=m

TJle M — HEeKOTOpOe LeJ10€ YHCN0 H KO3(hUUHEHTb! HIH yughpol Ay MPHHUMAIOT
3HaueHHst
0,1,2,3,4,56,7,8,09.

DTo npescTaB/ieHHe eIMHCTBEHHO BCeraa, Kpome ciyuas, Korza a, =0 ais
BCeX k > 11, B 3TOM CJlyyae y UHC/Ia @ eCTb JPYroe NpeicTaBieHue: aj, = a, — 1,
a,=9ma k>nuaj,=a, s k<n.
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HecnoxHo MOCTPOUTDH MOCJIEA0BATENbHOCTb Kouun, COCTOALLYIO U3 palHo-
HaJIbHbIX YHCEJ H HE HMeloULylo npejena B QZ

0,1, 0,1011, 0,10110111, 0,1011011101111, ...

C 1pyrofi CTOPOHBI, KaXKIblii KJIaCC 3KBHBAJEHTHOCTH MNocJiefoBaTeJbHOCTeH
Koy, cocTosilMx U3 palliOHANbHBIX YHCEJ, COJEePXHT B KauecTBe NpeJcTaBH-
Tesisl NPeCTaBHTeNs], MOCJE0BaTENLHOCTL YaCTHYHBIX CyMM psifia Buaa (1.2),
TnpenesioM KOTopol siBaisieTcst GecKoHeuHast ecsiTHYHas Apo6b (ynpakHeHHe 2),
TNpHUEM 3TO Ke BepHO sl JioGOK MocJ/efoBaTeNbHOCTH Kol 6ecKOHeuHbiX
NeCSITHYUHBIX pobGell. MHbIMU CJOBaMH, MHOXECTBO [EHCTBHTEbHBbIX YHCEN
MOJIHO OTHOCHTEJIbHO €BKJIMI0BA PacCTOsiHUSI (ynpa)kHeHHe 3), H NOCTpoeHHe
NeHCTBHUTE/IbHBIX YHCEJ C MOMOLIbI0 GeCKOHEeUYHbIX JeCSTHUHbIX Apobed 3K-
BMBAJIEHTHO MPOLeNype MOMNONHEHHsI OTHOCHTEJIbHO €BKJHLO0BA PacCTOSHHS.
[pencrasnenne (1.2) MoxHO 0606ILIMTL HA npedcmasieHus GECKOHeUHbLMU
Opobamu no OCHOBAHUIO g, THe g — NPOU3BOJIbHOE HaTypajibHOe YHCIIO,
GoJibliiee HJIH paBHOE 2; TaKUM 06pasoM,

o0

—k

a=> ag™*
k=m

riae Ko3ddHUHEHTb @, NMPHHUMaIOT 3HaueHus U3 MHoxectsa {0, 1, ..., g — 1}.
3aMeTHM, UTo NMoKa3aTeNH —k YMEHbLIAIOTCS H CTPEMSATCS K —00.

[pakTHyecKH MornoJiHeHHe YacTO CTPOMUTCS C MOMOLIBLIO CJelylolleld KOH-
CTPYKLHH.

Teopema 1.1. [Tycme M — noanoe mempuueckoe npocmpancmso u X —
noomnoxecmso 8 M. Toeda X noaHo 8 mom u moavko 8 mom cayuae,
Koeda oHo 3amknymo 8 M. B wacmuocmu, 3ambicanue noomHoxcecmsa X
8 M moxHO paccmampusame Kak nonoiHenue noomnoxcecmsa X.

Mpumep 1.2. INonontenne untepsana (a, b) OTHOCHTENLHO OGBIUHOTO €B-
KJIMJI0BA PaCCTOsIHUSI €CTb OTpe3oK [a, b], 3aMbikaHHe uHTepBana (a, b) B R.

Jpyrie npuMepbl NpeicTaBeHbl B yrpaXKHeHHH 4.

YnpaxHeHus

1. JIoKaxkuTe, YTO UMCJO PallMOHaJbHO TOT/@ H TOJLKO TOTAA, KOra npej-
cTaBasiolllast ero GecKoHeuHasl IecsTHUHas ApoOb sIBASETCS NMEPHOLHUYECKOH.

2. Jlokaxkute, uto AJis Jil060H MocJiefoBaTeNbHOCTH KoLK palHoHabHbIX
yHces OTHOCHTENLHO €BKJHIOBA PaCCTOSIHHS CYLIECTBYET SKBHBaJIeHTHas eif
1nocJ1el0BaTeIbHOCTb YaCTHYHBIX CyMM psifa BHaa (1.2).

3. Mcnosb3ys npencrabieHte 1eHCTBHTENbHbBIX YHCEN B BHIE GECKOHEUHbIX
JIeCATHUHBIX APOoGeH, J0KaXKHTe, UTO MHOXECTBO [eHCTBHTE/bHbIX YHCeJ MoJ-
HO OTHOCHTEJIbHO €BKJIH[I0BA PacCTOSIHHUS, T. €.4To J06ast Moc/el0BaTeNbHOCTh
Koy, cocrosiiast U3 nefCTBUTENbHBIX UHCEN, HMEET Npefell.
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4. Jloxaxkute, UTo CJelylollHe MeTpHUeCcKHe NMPOCTPAHCTBA He SIBJSIOTCH
TMOJIHBIMH, H MOCTPOITE HX MOMOJHEHHS:

1) R ¢ paccrosiuveM d(x, y) = |arctgx — arctgy|;

2) R ¢ paccrosinuem d(x, y) = |e* — eY|.

5. JIoKaXKHTe, UTO METPHUECKOE MPOCTPAHCTBO MOJHO TOTAA H TOJMLKO TO-
ria, Korga no6ast NnocjeoBaTeNbHOCTb BJOXKEHHBIX 3aMKHYTHIX wWapoB {B,},
By D> By > B3 D ..., panuychl KOTOpbIX CTPEMSITCS K HYJIIO, HMEET eMHCTBEH-
HYIO OOGILYIO TOYKY.

§ 2. HopmupoBaHHbie noJjs

PaunoHaJ/ibHble H JeHCTBHTE/bHbIE UHCJIA SIBJISIOTCH OCHOBHbIMH NpHMepa-
MH ajre6paHyeckoil CTPYKTYphbl Noj Ha3BaHHeM mnoJe. [lose F — 310 MHOXe-
CTBO C JIByMsi GHHaPHBIMH ONepaLHsIMH, KOTOpble 00bIYHO HA3bIBAIOTCS CAONHCE-
HUeM W YMHOXMCEeHUEeM W KOTOpble YAOBJETBOPSIOT OCHOBHbIM CBOMCTBAM 3THX
onepauuit anst yuces. MimeHHo,

1) a+ b =b+ a nns nobuix a, b € F (KOMMYTaTHBHOCTb CJIOXKEHHS);

2) a+ (b +c)=(a+b)+c nns mobuix a, b, c € F (acCouHaTHBHOCTb
CJI0XKeHH);

3) cywectByer Takoil saemeHT 0 € F, uto 0 + a = a s aboro a € F
(cywiecTBOBaHHE HyJS);

4) pns mo6oro ajeMeHTa a € F cylecTByer TakoH sjeMeHT —a € F, uTo
a + (—a) = 0 (cyutecTBoBaHHe 06pPaTHOTO MO CJOXKEHHIO);

5)a-b=>b-a s mobuix a, b € F (KoOMMYTaTHBHOCTb YMHOXXEHHS);

6)a-(b-c)=(a-b)-cnnamobsix a, b, c € F (accoutaTHBHOCTb YMHO-
JKEeHHS);

7) cyliecTByer Tako# aseMeHT | € F, uto 1 - a = a anst aoboro a € F* =
= F \ O (cywecTBoBaHHe eHHHLIbI);

8) s Mmoboro snementa a € F* cyliectByer Takoil sjement a~! € FX,
yro @ - a~! = 1 (cyuecTBOBaHHE 06PATHOTO MO YMHOXEHHIO);

DNa-(b+c)=a-b+a-c s mobuix a, b, c € F (AMCTpHOYTHBHOCTD);

10) 0 # 1.

AnreGpanueckasi cTpyKTypa ¢ OJHOH GHHAapHOH ornepalilell, YIOBJETBO-
psitowieil cBoiictBaM |)—4), Ha3biBaercst abeaesod (uaw KOMMYmMamusHo)
epynnoi. COOTBETCTBEHHO MHOXeCTBO F ¢ onepauieil CJ0)KeHHs Ha3blBaercs
adoumusHoil epynnod nonst F, a MHOoXecTBO F* ¢ onepaiuuell YMHOXeHHs
Ha3blBaeTCsl Mysvmuniukamusnol epynnot noas F. BaxHbIM cBOHCTBOM
1oJist IBJISIETCS TO, UTO OHO HE COLEPXKHT deaumened HYAd, T.e. TaKHX dJje-
MeHTOB @, b € F*, uto a - b = 0 (cM. ynpaxxHehue 6).

Onpenenenne 2.1. [lyctb F saBasiercst noneM. Hopmoid uHa F Hasbl-
Baercsl oToOpaieHHe W3 F BO MHOXXECTBO HeOTpHUATEeJbHbIX AeHCTBHTEJb-
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HbIX UYHces, KoTopoe o6o3Hauaercs ||-|| ¥ yIOBJeTBOPSET CJeLylOUHM CBON-
CTBaM:

1) ||x]| = 0 Torna u Tosbko Tora, koraa x = 0;

2) llxyll = x|yl ans mobbix x, y € F;

3) lx + yll < lxll + llyll st m06bix x, y € F (Hepasencmso mpeyeoas-
HuKa).

Hopma HasbiBaetcst mpusuanronod, ecau |0l =0wn ||x|| = 1 nns Bcex x #0.

3ameTHM, uto s Jwoboro 1 € N Mbl HMeeM

n-l:=14+...+1€F.
N—————

n

Mbi 6ynem 0603HauaTh 3TOT 3JIEMEHT TEM XK€ CaMbiM CHMBOJIOM 71, YTO H CO-
OTBETCTBYlOLIlee HaTypaJbHOE YHCJIO.

Mpennoxenne 2.2. [Jan aobox x,y € F cnpasedausol caedyrouue
ymeepxoeHus:

a) |1 ==l =1

b) |l<]| = l|—x|I

o) llx + gl = lllxll = llyll;

d) |lx = yll < llxll + llgll;

e) llx/yll = lxII/lyll;

D lla|l € n 0aa arobozo n € N.

Jloka3aTenabCTBO.

a) Mot nveem |[1]] = |G£1) - (ED]| = [£1]2 = £1] = 1.

b) Mat nveem || — x|| = |(=1) - x| = I - |-

C) YTBepKIeHHe cielyeT U3 M.D) W HepaBeHCTBA TPeYroJibHHKA 1Jis1 HOPMbI
(cMm. YnpaxHenue 7).

d) YTBepxkIeHHe caelyeT U3 .b) H HepaBeHCTBA TPEYroJibHHKA.

€) YTBepxKieHHe cjeflyeT U3 M.a) H CBOACTBA 2) HOPMBI.

f) YTBep:KIeHHe cieyeT MO HHAYKLUMH H3 11.a) H HEPaBEHCTBA TPEYToJibHU-
Ka. } [

Myets d(x, y) = ||x — y||. Y3 onpenenenus 2.1 u npennoxenus 2.2 HeMen-
JIeHHO cJieflyeT, uTo d sBJsiercsl (yHKUHMeH pacCTOsIHMA; B CaMOM JieJle, M3
cBoficta 1) onpenenenus 2.1 caenyer, uro d(x, y) = 0 Torna u TosbKO TOrAA,
KOrJa X = Y, CHMMETPHUYHOCTb CJleflyeT U3 yTBepxaeHHs 2.2 b), a HepaBeHCTBO
TpeyroJibHHKa M3 ytBepxkaeHus 2.2 d). B Takoit cuTyaumu Mbl Gymem roso-
PHTb, UTO pACCTOsIHHE UHOYyUpOosaHo HopMoll ||-||, u Gynem paccMmaTpHBaTh
(F, |I-]l) xak MeTpuuecKoe NPOCTPAHCTBO.

Onpepenenue 2.3. [0BOPSIT, UTO MNOC/EN0BATENLHOCTD {@,} 3/71€MEHTOB U3 F

1) oepanuyena, ecan cyuecTByer Takasi KoHcranta C > 0, uto

llas]| < C  mas moboro n;
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2) asasemca 6eCKOHEUHO MAAOL, €CH
lim |ja,|| =0,
n—oo

T.e. st moboro € > 0 cyiecTByeT Takoe N, uto a4s Bcex n > N BbinosHsercs
HepaBeHCTBO ||a,|| < €;
3) siBnsietcs nocaedosamenvrocmoro Kowu, ecau

lim |la, — an|| =0,
n,m-—oo

T.e. 14 Jio6oro € > 0 cyuiectyer Takoe N, uTo mist Bcex n, m > N Bbinos-
HsleTCsl HepaBeHCTBO |la, — an|| <&
4) cxodumca k a € F (Mbl nueM a = lim a,), ecau
n—oo

lim ||a, —a]| =0,
n—oo

T.e. 115l Jo6oro € > 0 cyuectByer Takoe N, uTo 45 Bcex 1 > N BbIMOJHSIETCS
HepaBeHCTBO ||a, — af| < e.

W3 onpenesnenns cienyert, 4To Jilo6asi 6eCKOHEUHO MaJast MoC/eN10BaTeb-
HOCTb cxoauTest K 0, a 3 HepaBeHCTBA TPEYro/IbHUKA CJIEMyeT, UTO Jto6ast CX0-
AALLAsACS MOC/e0BaTebHOCTb SBASETCS NOC/e10BaTe bHOCTbI0 Kown: nycTb

lim a, = a, Torna
n—oo

€
lan = amll = 122 — a +a — anll < llas —all + la = anl < 5 + 5 =¢

s n, m > N, rie N BbiGpaH U3 onpejeneHus npegena mis €/2. B yactHo-
CTH, Kax/asi GECKOHEUHO MaJjiasl MoCJie[0BaTeJbHOCTb SIBJSIETCS MOCJeN0Ba-
tesibHocThio Kown. CBoficTBa, NpHBeIeHHbBIE HIXKE, TOKA3bIBAIOTCS TAKHMH XKe
CTaHIaPTHLIMH PaCCyXIEHHSIMH.

1. Kaxpas nocsenosatenbHoctb Koln orpannuena.

2. [yerb {a,} — nocnenosarenbHocts Kowm v {n;, ng, ...} — Bo3pacrato-
11ast NOCJIel0BATENLHOCTL HaTypabHbIX unces. Eciu nomnocenosaresbHOCTD
Qn,, Ay, ... OECKOHEUHO MaJjiasl, TO H CaMa MocJieoBaTeJbHOCTb {a,} Gecko-
HEYHO MaJia.

3. Ecan {a,} n {b,} — GeckoHeuHo MaJible MOCJENOBATENLHOCTH, TOTIA
nocsiefoBaTebHOCTb {a, + b,} Takxke GeckoHeuHo Mana. Ecau nocnemosa-
TeJIbHOCTb {a,} 6eCKOHeUHo Mana, a {b,} orpaHHyeHa, TO NOCJEIO0BATENLHOCTb
{a,b,} 6eckoneuno mana.

Cuaepnylolliee NpocToe YTBEPXKIAEHHE YACTO GbIBAET MOJE3HO.

Mpennoxenune 2.4. Hepasencmso | x|| <1 sonoansemca mozda u

moasko moeda, koeda lim x" = 0.
n—oo
HokasateabctBo. Ilyers ||x|| < 1. Tak kak ||x"|| = ||x||", Mbl nony4yaem

lim ||x"|| =0,
n—oo
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T.e. lim x" = 0. Hao6opor, ecan ||x|| > 1, To 1 Bcex MNOJIOKHTENbHbIX 1
n—oo
umeeMm ||x"|| = 1 u, Takum o6pasom, 0 # lim x". a
n—oo

Onpenenenne 2.5. ByneM ropopuTth, 4To 1Be MeTpukH d) H do Ha F K-
BUBANCHMHbL, €CJIH J06ast NOC/1e10BaTebHOCTD BT MOC/e10BaTelbHO-
cTbio KollM B MeTpHKe d; B TOM H TOJIbKO B TOM CJlyyae, KOrjla OHa fiBJisieTCst
nocJieoBaTesbHOCTbI0 Kolun B MeTprKe do. Bynem roBopuTb, uto [B€ HOpMBbI

II-1l1 1 ]|+ |l2 skBUBanenTHbI (|| ]|} ~ || - [|2), eciH OHK HHAYLHPYIOT SKBHBAJIEHT-
Hble METPHKH.
Mpennoxenue 2.6. [Tycmo ||-||| u |||l — dse nopmor na noae F. [laa

moezo, 4mobol 3mu HOpmoL Oblad IKBUBAAEHMHBL HE0bx00umo u docma-
MOYHO CYW,ecmseosaHue MaxKo2o NOAOHCUMENbHO20 OelicmBunesbHo20
qucaa o, 4mo

llxlle = |x|If 041 aoboco x € F. 2.1

Hokaszateabctso. [lycts ||-||; ~ || |lo- Ecan HopMa || - ||; TpuBHaubHa,
TO COMIACHO yrnpaxHeHHI0 9 HOpMa || - ||2 TaKk>Ke TPHBHA/bHA H C/EN0BATENBLHO,
paBeHCTBO (2.1) BbINOJHEHO 445 J1060r0 .

Ecau nopma || - ||| HeTpHBHa/bHA, TO MOXKHO BbIGpaTh Takol JeMeHT a € F,
uto ||al|; # 1. 3amensisi, ecan Hazo, @ Ha 1/a, MOXHO cuHTaTh, uto ||al; < 1.

[Tonoxxum
_ log|lall2

a = .
log llalh
Tak Kak HOpPMbI 3KBHMBAJEHTHbI, W3 ynpaxHenus 10 caemyer, uto [lall2 < I,
3HAuMT, 06a Jorapudma oTpuLaTe  Hbl U o > 0.
[TokaxkeM, uTo 4Kcio o ynoBJerBopsieT ycsaoBuio (2.1). Pacemorpum cHa-

yana Takoit x € F, uto ||x||; < 1; cayyaw ||x||; > 1 u ||x||; = 1 6yayr crenosats
13 ynpaxkHenust 10. PaccMoTpHM MHOKeCTBO
S={r=m/n:m, n €N, ||x||] <lal}. (2.2)
m
Jst moGoro r € S umeen ||x||7 < ||a||f, noaTomy’| Z—n | < 1. Torna u3 ynpax-
Henus 10 nosnyuaem
x" |
ra 92 <5
nostomy ||x||5 < |lall3 v ||x||5 < ||all2. TTomensiB mMectamu ||-||; 1 ||-||2 # no-
BTOPHB TO XK€ CaMOe pacCy»KieHHe, Mbl BHIHM, UTO
S={r=m/n:m,n €N, ||x]|5 < |la|2}. (2.3)

Jlorapudmupys, MoXXHO nepenucaTb ycaoBus (2.2) u (2.3) caenytoium obpa-

30M:
Iog||a||| Iog||a||2 (24)

, r ,
log ||y log [|x[l2
12



TaK KaK BCe JIorapu(mbl, PHCYTCTBYIOILHE B STHX HOPMYJiax, OTPHLATEbHbI.
Ho Ttorna mbl nosnyyaem

logllall; _ logllalls

loglx|li  log/lxll2’
MOTOMY UTO B MPOTHBHOM CJlyyae MeXJy STHMH [BYMS UMCJiaMH HaLIoCh Gbl
KaKoe-TO paLlHOHaJ/IbHOE YHCJIO 7 H Obl10 Obl BBIMOJHEHO TOJILKO OJIHO H3 yCJIO-
BH# (2.4). Takum o6pasom,

loglx[lz _ logllallz _
log|lx]li  logllall,
yTo M TpebGoBaJoCh 10Ka3aTh. a

Tenepb Mbl onuiieM Bce HopMbl Ha (Q, 3KBHBaJIEHTHble aGCOJIIOTHOMY 3Ha-
YeHHIo |-|.

Mpenaoxenne 2.7. Pynkyus ||x|| = |x|*, « >0, s8aaemcs nopmoi Ha Q
moeda u moabko moeda, koeda a. < 1. B amoum cayuae ona IksusareHmua
Hopme |-|.

HokaszarteabctBo. [lycts @ < 1. TlepBble nBa cBOiCTBa HOPMbI OYe-
BH/IHbI, T0O3TOMY HY>XHO NPOBEPHTb TOJILKO HEPaBEHCTBO TpeyroJibHiKa. [1pen-
noJioxuM, uto |y| < |x|. Torna

’

e+ gl < () + D= = (1 + )" <

<l (1 + ) < el (1 40) = e b

[TepBoe HepaBeHCTBO cJlemyeT U3 Toro, uto t* < £, ecan ¢ > 1, a BTopoe — U3
Toro, uto t* > t, e 0 <t < 1.
C zpyro# CTOpPOHbBI, ecid o > |, TO HepaBEHCTBO TPeYroJibHHKA He BbIMOJ-
HsleTcs: HanpuMmep, |1 + 1[*=2* > |I|* + |1|* = 2. o
Onpepenenne 2.8. HopMa HasbiBaetcst Heapxumedosgoil, ecin 1ns Bcex
X W Yy BbINOJIHEHO HePaBEHCTBO

Il + gl < max(|lx|, lg])-

3ameuanue 2.9. OueBHIHO, UTO H3 HeapXHMe[OBa CBOHCTBA HOPMbI CJle-
LlyeT HepaBEeHCTBO TpeyrosbHHKa. Mbl 6yeM Ha3blBaTb 3TO CBOHCTBO CULbHbIM
HepaseHCcmeom mpeyeoibHUKA.

Paccrosinie, HHIyuUHMpOBaHHOe HeapXHMMeOBOH HOPMOH, Ha3blBaeTcs yab-
mpamempuxoti. BvecTo HepaBeHCTBa TpeyroJibHHKa sl OGbIYHOH (YHKLHH
paccTosHUA

d(x,2) <d(x, y) + d(y, 2),

BbIMNOJIHAETCSA CHJIbHOE€ HEPABEHCTBO TPEYroJibHHKa

d(x, 2) < max(d(x, y), d(y, 2)).
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CooTBeTCTBYIOILHE METPHUYECKHE NMPOCTPAHCTBA HA3bIBAIOTCS YAbMpamempu-
YeCKUMU NPOCMPAHCMBAMU.

Cuenyolas TeopeMa gaeT He06X0AMMOE H JI0CTaTOYHOE YCJIOBHE TOro, UTo-
6bl HOpMa Obl1a HeapXHMe0BOH.

Mpennoxenue 2.10. Caedyroujue ymeepiucoenus 3K8UBANCHMHbL:

a) Hopma ||| Heapxumedosa;

b) ||n|| € 1 041 awboeo yerozo uucaa n.

Hoka3zarteabcTBo. a) = b). [lokaxxeM 3T0 M0 HHIYKLHH.

basa undykyuu. OueBuaHo, uto ||1|| =1 < 1.

llaz undykyuu. Tlyets ||k < 1 s Beex k € {1, ..., n — 1}; nokaxem,
uro ||n|| < 1.

3amerum, uro ||n|| = ||(n — 1) + 1]| < max{||n — 1], 1} = 1.

M3 HepaBenctBa ||l||=1< 1 H npeanosoxeHuss HHAYKLMH MOJydyaeM
IIn]l <1 nas Becex n € N. Tak kak || — n|| = ||n||, Mbl 3akatouaem, uto ||n|| < 1
115l BCeXx n € Z.

b) = a). Himeem

3

e +yl* = ll(x + 9)"ll =

()2

k=0

||( ) gl <

IIXII lyl1"=* < (n + Dmax(|lx], lyID]"-
k=0

[TosToMy NSt Ka)KIOro HaTypaJibHOTO YHCJ/a 1 BbIMOJIHSETCS HepaBEeHCTBO
Ix +yll < ¥V + Tmax(|lx]l, [ly]])-

Yerpemnss n K 0o, nojyyaem

llx + yll < max(||x], [lg])-

n
31ech Mbl M10JIb30BaJMHCh TEM, UTO ( ;) — Ue/I0€ YHCIIO, H XOPOILIO H3BECTHBIM
npe/esom ,
lim vVn+1=1. O
n—o0o

DTo yTBepxleHHe NMoMoraeT OObSCHHTb Pa3HHLY MeXIy apXHMeIOBbIMH
M HeapXuMe[lOBbIMH HopMaMH. Ero MoxxHo nepecdopMyJMpoBaThb CJeLyOIHM
06pa3oM: HOpMa AIBJISIETCS apXHMeI0BOH, eciH OHa obJajiaeT cgolicmaom Ap-
xumeda: 015 OanHoLx X, y € F, x # 0, cyujecmsyem makoe namyparoroe
wucao n, umo ||nx|| > ||y||.

Jlerko BHAETb, UTO CBOMCTBO ApXHMeNa SKBHBAJIEHTHO CYLUECTBOBAHHMIO Lie-
JIbIX YHCeJ, IMEIOLIMX CKOJIb YroAHO GOJIbLIYI0 HOpMY:

sup{[|n|l:n € Z} = +oo. (2.5)
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MbI OCTaB/ISIEM YHTATEJIO IPOBEPHTD, UTO HOPMa apXHUMeNloBa (T. €. He ABJIseT-
Csl HeapXHMeJIoBOH) TOra M TOJIbKO TOT/a, KOrJa BhiMoJjHsieTcsl ycJoBHe (2.5)
(ynpaxkuenue 11).
Heapxumen0Bo CBOMCTBO HMEET U [PyrHe YAHBHTEJbHble CJIEACTBHS.
MNMpepnoxenue 2.11. Ecau snemernmeor a u x Heapxumedosa noas F ydo-
saemsoparom Hepasencmsy ||x — a|| < |a||, mo ||x|| = ||al|.
HoxasaTeabcTBo. COracHO CHILHOMY HEPABEHCTBY TPEYroJbHHKa

<]l = llx — a + a|| < max(|lx — all, [lal)) = [la].
C npyro#t CTOpOHH!,
lall = lla = x + x|| < max(||x — al, {|lx)).

Ec/in 6bl BbINOJIHAJIOCH HepaBeHCTBO |[x — a|| > |lx||, To monyumnnoch 6bl, 4TO
llal| < ||lx — al|, a 3To mpoTHBOpeuHT ycaosuio. 3HauuT, ||x —a|l < ||x|| u
llall < ||x||. TTosTomy ||x|| = |la||, uTo 1 3aBepiaeT K0Ka3aTeabCTBO.

OTo yTBepXIeHHe MOXHO C(OPMYJIHPOBATh B reOMETPHUECKHX TEPMHHaX
CJleflylolIiM 06pa3oM: 410006 mMpeyeorbHUK 8 YAbMpamMempuyecKkom npo-
cmpancmee 841emcs pagHOGeOperHbIM, NpuYem OAUHA OCHOBAHUA He
npesocxodum Oaur 60K0BbLX CIMOPOH.

Jl0Ka3aTesIbCTBO CJEMYIOUIEr0 yAUBHTENLHOTO CBOMCTBA Mbl OCTaBJIsIEM UH-
TaTesio (ynpaxkHeHHe 12).

NMpepnoxenne 2.12. Ecau nHopma ||-|| Ha nose F neapxumedosa, mo
wmobas mouka samkrnymoeo wapa B(a, r) ={x:||x —a|| <r} 8 F agasemca
€20 YeHMmpoM.

3aBepluasi 3TOT naparpacg, NMokaXKeM, YTO apXHMejoBa M HeapXHMeIOBa
HOPMBbI He MOTYT GbITh SKBHBAJIEHTHBI.

NMpepnoxenue 2.13. [ge aksusarenmuoie Hopueol (|||} ~ |- |l2) #a no-
ae F aubo obe apxumedosol, abo obe Heapxumedoso.
HokasaTtedabcTso. U3 ynpaxuenus 10 caenyer, uto ecant |- ||} ~ | - ||2,

TO AJ151 J11060T0 Lesoro n uMeeM ||n||; > 1 Toraa 1 TosbKo Toraa, Korza ||nflg > 1.
Ortciona 1 U3 npensioxenus 2.10 caenyer, uto 1160 06e HOPMbl HeapXHMeOBbI,
JIH60 06€ apXUMeIOBbI. d

YnpaxHeHus

6. lokaxkuTe, YTO MnoJie He COLEPKHT JeHTeNel Hys.
7. UcnoJib3ys HepaBeHCTBO TpeyroJibHHKa [U1s1 HOPMbI Ha noJie F (1.3 onpe-
nenenns 2.1), nokaxure, uTo

[l = lgll] < llx £ gl ns mobrix x, y € F.
8. JlokaxkuTe, 4TO B JI060OM HOPMHPOBAHHOM T10JI€ BbIMONHAIOTCS CJeLylo-

LIIHE YTBEPKAEHHA:
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1) Kaxnas nocJenoBaTelLHOCTb KoLK orpaHHueHa;

2) nyctb {a,} — nocaenoBatenbHocTs Koww u {ny, no, ...} — Bo3pacTa-
{011 N0CJe0BaTeNbHOCTL HAaTypaJibHbIX UHCeJ, TOrAa €CJH TMOANOC/eN0Ba-
TENbHOCTb Qp,, Qny, ... OECKOHEYHO Manasl, TO H CaMa M0CJe10BaTebHOCT
{a,} 6eckoHeuHo mana;

3) ecnu mocnenoBatenbHocTd {a,} U {b,} 6GecKoHeuHO MaJbl, TO H NocJe-
J0BaTeNbHOCTb {a, + b,} 6eCKOHEYHO MaJia: eCsii MOCJeI0BaTelbLHOCTb {a,}
6EeCKOHEYHO MaJia, a ocJieoBaTebHOCTD {b,} orpaHHyeHa, TO NocJe0BaTe b-
Hoctb {a,b,} 6eckoHeuHo MaJja.

9. Jlokaxwure, uto ecau ||-||; ~ ||-||2 ¥ HopMma ||-||; TpHBHaNbHa, TO HOpMa
|- |l2 TakxKe TpHBHAbHA.

10. Jokaxure, uto ecu ||-||; ~ ||-||l2, To ||x]|1 < | Toraa u TonbKo ToOrzA,
korza ||x|le < I; ||x]|; > 1 Torma u TonbKo TOrAa, Korza ||lx|le > 1, u ||x||; =1
TOrJIa U TOJILKO TOraa, Korga ||x|lo = 1.

11. lokaxuTe, uTo HOpMa || - || apXHMenoBa Toraa M TOJILKO TOrAa, KOria

sup{||n||:n € Z} = +o0.

12. Jlokaxute, yto ecau Hopma ||-|| Ha mosne F HeapxumenoBa, To Jiobas
ToyKa 3aMKHyToro wapa B(a, r) = {x:||x — a|| < r} B F siBAsiercs ero LeHTpoMm
(1 TO e camoe st OTKpbITOrO Wapa B(a, r) = {x:||x — al| < r}).

13. JlokaxuTe, 4TO ecsii HopMma || - || HeapxuMernoBa, To ||-||* Takke Heap-
XuMenoBa HopMma aas qoGoro o > 0. (CpaBHuTe ¢ npepyoxxenneM 2.7 aas

€BKJH0Ba a6COJIIOTHOrO 3HaueHHs Ha Q.)

§ 3. NocTpoeHue NonoJHEeHU HOPMUPOBAHHOIO NOJS

B sToM naparpacde Mbl, HCXOIs M3 NPOH3BOJIBHOTO HOPMHPOBAHHOIO MO-
ast F (e 06si3aTeJIbHO NOJIHOTO M0 ero HopMe || - i|), mocTpoum apyroe nose F,
conepxaiuee F, 1 cHabaMM ero HOpMoil (MHIyLHpoBaHHOH HOopMoii | -|| Ha F)
TaKHM 06pa3oM, yTo NoJie F GyleT noAHoLM HOPMHPOBAHHBIM NOJIEM.

Kax mbl yxxe Bunenu (§ 1), B ciiyuae paumoHasbHbBIX yHces ¢ 06bIYHON (eB-
KJIMLOBOH) HOPMOI NpoLesypa NMoMnoJHeHHs MPHBOMUT K MOJI0 JeACTBHTENbHBIX
yucen R. Ty xe camyio npouenypy Mbl nosdxe (cm. §4) npumenum K no-
Jio QQ, cHaGXXeHHOMY COBepLIEHHO IPYrod HOPMOH, M B pe3yJbraTe MOJy4YHM
p-afuyecke uucaa. [naBHylo posib B Mpoilefype MOMoJHeHHst 6YIyT HrpaTb
nocJjenoBaTenbHOCTH KoLH: HMEHHO KJlacChl SKBHBAJIEHTHBIX NMOCJ/Ie10BaTeNb-
HocTeit Kown 6yayT 06bABAeHbl 31eMenTaMHi noast F. [103TOMY Mbl HauHeM ¢
06CyKIeHHs TocseoBaTeNbHOCTeH KoLK, COCTOAWMX H3 3JIeMEHTOB MPOH3-
BOJILHOTO HOPMHPOBaHHOTO noJist F.

[TocnenoBaTenbHOCTH KolM MOXKHO CKJaiblBaTh, BbIYHTATb H MepeMHO-
Xatb (ynpaxkHeHHe 14), Mo3TOMy MHOXKeCTBO BCeX TOCJel0BaTelbHOCTeH
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Kown B (F, ||-]|), o603Hauaemoe {F}, sIB/ISI€TCS KOMMYTAaTHBHBIM KOJILLOM.
EMHHUHBIM 5/IEMEHTOM MO CJIOXKEHHIO ABJSIETCS NOCJ1e10BaTebHOCTD

0=1{0,0,0,...},
a €JHHHYHbIM 3JIEMEHTOM IO YMHO2KEHHIO ABJFAETCH NOoCJaeJ0BaTEJNbHOCTb
I={,1,1,..}

$lcHo, uTo MHOXKeCTBO {F} He siB/IsIETCS MOJIEM, TaK KaK OHO COZIEPIKHT AeJHTENH
HyJIs1:
{1,0,0,...}{0,1,0,0, ...} =0.

ﬂ.ﬂﬂ KaXJ10ro a € F MocJieJ0BaTeJIbHOCTb
a={a,a a...}

Jexut B {F}. CnenoBaresibHo, {F} ConepXHUT NoaKOJbLO, H30MOpdHOE NnoJio F.
PaccmoTpuM MHOXKecTBO P BceX GeCKOHEUHO MaJbiX MOoCJjefoBaTelbHOCTe.
OueBuHo, uto P siBasieTcsl noaMHOXKeCcTBOM MHoXecTBa {F}. Bosee Toro, P
siBJsieTcsl udeasom B {F} (T.e. TaKMM MOAKOJBLIOM, UTO 1JIsi BCeX p € P u aas
Bcex a € F BhINoJIHeHo BKJloueHHe ap € P). B camom fiene, ecan nocJienoBa-
TenbHOCTH {a,} 1 {b,} n1exaT B P, To 1 nocJsefoBateibHOCTb {a, + b,} Takxke
Jaexut B P. U ecnn nocnenoBatenbHocTh {@,} A&XKUT B P, a nocjenoBaTesb-
HOCTb {b,} orpaHHueHa (B YaCTHOCTH, IBJISIETCS N0CJ/ef0BaTeNbHOCTbIO Kotun),
10 {a,b,} Takxe nexur B P (ynpaxuenue 8 (3)).

Monoxum F = {F}/P. dneMeHTaMH 3TOr0 MHOXECTBA SIBJAIOTCA KJACChl
SKBHBaJIEHTHBIX NocJienoBatensHocteil Ko u3 (F, ||-||), npuuem nse nocue-
JIOBAaTeJbHOCTH IKBUBAACHIMHYL, €CJH X Pa3HOCTb eCTh GeCKOHEeUHO MaJasi
NocJe0BaTeNbHOCTb. 3aMETHM, UTO TOCTOSIHHbIE N0CJEN0BATENbHOCTH

a={a,a,a,...}

re a € F, npuHaaiexat pasHbIM KiaccaM B F 1nsi pasHbiX a. Byzem 0603Ha-
yaTh KJI1aCC, COoJepXKaluHil nocJeoBaTeNbHOCTD {a,}, uepes (a,); (a,) fBasercs
3/1eMeHTOM MHOXecTBa F. ByjeM paccmaTpuaTh F Kak MOAMHOMECTBO MHO-
xectBa F, oroxnectsnss a € F ¢ (a) € F.

Teopema 3.1. Mroxecmso F asanemca noaen.

JlokasaTenbcTso. Onpenesum onepaiut Ha F cJiefyiommm o6pasom:
ecin {a,} € A,a{b, € B,To A+ B = (a, + b,) u AB =(a, - b,). Y3 ynpax-
HeHHs1 15 cJieflyet, 4TO 3TH OMepalKH He 3aBHCAT OT BbiGOpa NpeacTaBHTeNEH.
JIerko npOBEpHTb, UTO MHOXECTBO F ¢ TaKHMH OMepaLsMH SBJSETC KOMMY-
TaTHBHBIM KOJIbLOM C €MHHUHBIM 3JIEMEHTOM M0 CJIOXKEHHIO (0) 1 exuHHUHBIM
31eMeHTOM o yMHoxeHHIo (1). [lokaxewm, uto F ssnserca nosem. [Tycts A —
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K/lacC SKBMBAJEHTHOCTH W3 F, oTHuHblit 0T HyneBoro kaacca (0) = P. Ilyctb
Takxe {a,} — Jo6as nocnenosarenbHocTs Kown 3 A. Tak xak nocnenosa-
TENbHOCTb {a,} He sABJIseTCS GECKOHEYHO MaJIoH, HalAyTCs TaKHe NOJOXKHTE b~
Hble ydicna ¢ U N, 4to

llaxll > ¢ mns moboro n > N.
Paccmorpum nocJieoBarenbHOCTS {a;}, onpeneneHuyto Gopmyoi

. {0, ecan | <ngN -1,

a,

1/a,, ecmmn>N.

Mbl ytBepxKzaeM, 4TO 3Ta NOCJENOBaTENbHOCTb SIBJASETCS .i0C/AeL0BaTeNbHO-
ctbio Kown. JlefictBuTenbHoO, ecan n, m > N, o

_ lam — ad|

= L 70 <c~2 am —a
lanl Jaf] S € N10m = all,

1 1
0< g —arll = || - - -

OTCIofla H BbITeKaeT HY)XXKHOE HaM YTBepxIeHHe, Tak Kak {a,} fBjisercs no-
cnenoBatenbHOCTbI0 Kolin. O603HauHuM KacC S5KBHBaJNEHTHOCTH, COlepXKallHii
nocJenoBatenbHoCTs {a}}, uepes A~!. Torna

{aﬂ}{a;}={0’ B} 07 ]v lv l"'}v
N-1

npHYeM pa3HoCTb nocJjefoBareibHocTd Ko B npaBoit yacti u | ectb Gec-
KOHEUYHO MaJiasi MoC/eI0BaTeIbHOCTD

{-1,...,-1,0,0,0...}.
|
N-1
Takum o6pasom, AA™! = (T),}{To LOKa3blBaeT, YTo F sBnsiercs nosem. O
Tenepn mbi npososkum Hopmy ||-|| ¢ F Ha F.

Onpepenenne 3.2. las ao6oro A € F nonoxum
Al = fim flal,

rae {a,} — nob6as nocnenoBatenbHocTs Koun u3 A.

Inst Toro utoGbl y6eauThCsl B TOM, UTO 3Ta HOpMa orpejiesieHa KOPPEKTHO,
Mbl JIOJDKHBI M0Ka3aThb, YTO 3TOT Mpejiesl CYLIeCTBYeT H He 3aBHCHT OT BhiGopa
nocienoBatenbHoctd Kown {a,} us A. Y3 ynpaxkuenusi 7 umeem

llanll = lamll] < llan = anll,

OTKyJla CJIeflyeT, 4To MOCJ/eN0BaTe]bHOCTb AeHCTBHTeNbHbIX Hcen {||a,||} aB-
JIIeTCs T0C/Iefl0BaTeNbHOCTbI0 KoM OTHOCHTENIbHO a6COMIOTHOTO 3HaUeHHs.
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Tak Kak MHOXeCTBO JeACTBUTENbHBIX UHcen R NoJHoO, npesied, onpenensiouti
HopMy || - ||, cywecTyeT. Bo3bMeM apyryio nocaenoBatensHoctb {al,} € A. U3
TOTO K€ CaMOr0 HepaBeHCTBa MMeeM

0< fim [llaall — llanllf < fim llan — aj]l =0,

otciofa lim |la,|| = lim |a}||.
n—oo n—oo

Mpennoxenne 3.3. Pynxyusa ||-|| 2649emca nopmoii Ha F.

IlokaszaTenbcTBO. HyXHO NMpoBepHTb TPH CBOKCTBa H3 OMpefele-
Husa 2.1,

1) Ecin A = (0), torga nocnenoBaTenbHOCTb {@,} 6eCKOHEUHO Mana H
|A|| = 0. Ecau xe A # (0), To HaiiiyTcs TakHe MOJOXKHTENbHbIE YHCAA C H
N, uto mnst Bcex n > N umeeM ||a,|| = ¢ > 0. Orciona ||A]| > 0.

2) To cBoiicTBaM BellleCTBEHHBIX MpeesioB

|AB] = lim llaubal) = lim flaflleall = lim [laal lim {16l = [A]]B].

3) Ananornuto nosyuaem ||A + Bl < ||A| + ||B]- O

Tenepb Mbl MOXeM onpefie/IMTh OrpaHHueHHble H GECKOHEYHO MaJible Mo-
CJIef0BaTeNLHOCTH, a TaKxKe rnocsegoBatenbHocTH Kown no Hopme ||| B F.

Teopema 3.4. [Tose F noano no nopne ||- ||, u F aeasemcs ecrody naom-
HoLM nOOMHONeCmBom mHoxcecmea F.

IokaszatenbcTBo. JlokaxeM cHayana BTopoe yTBepxueHue. IlycTb
A € F n{a,} —nocnenoparenshocts Koliu snementos noast F, npectasasio-
wasi A. Jlnst KaXaoro pHKCHPOBaHHOTO HAaTypasibHOTO YHCJIa 11 PACCMOTPHM M0~
CTOSIHHYIO MOCJ/Ie[IOBATEbHOCTb d,. TOTZA MOC/ENO0BATENBHOCTb {Ay — An)oe,
npenacrasasier A — (a,). M3 toro, uro {a,} ABAsieTCs MocJienoBaTeNbHOCTBIO
Kouwuu, nonyuaem

lim ||A = (a,)||= lim |lan — aq|| =0. (3.1
n—oo n,m—oo

ATo 10Ka3blBaeT, UTO MHOXKeCTBO F Bciony nuotHo B F. Tenepb npennosioxum,

yto {A,} ={A,, A9, ...} —nocnenoBateabHocTb Kol asnementos noss F. Tak

Kak F Bclofly NJIoTHO B F, 1Sl KaXK10ro A, CylllecTByeT TakoH 3J1eMeHT a, € F,

uTo

1An ~ @)l < . (32)

Torna nocnenosatenbHocTh {A, — (a,)} GecKoHeuHo MaJsia M, CJIeJOBATENbHO,
ABJIsieTcs nocJjenoBatenbHocTbio Kown B F. Mimeem

{(dn)} = {An} - {An - (&n)},
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orciona {(@,)} — nocnenoateabhocts Kown B F, HO TaK Kak BCe €€ 3/1eMeHTbl
NpHHAJIEXAT Moo F, To M cama MoCJe10BaTeNlbHOCTb {a,} sBJsieTcs nocJe-
nosatesbHocTbio Ko B F. O603HauMM Kjacc 3KBHBaJIEHTHOCTH, cojepxa-
wwit {a,}, uepe3 A (B HalMx o603HaueHusx (a,) € F). Us cootHouwenu# (3.1)
¥ (3.2) caeayer, uto nocsenosareibhoct {A — (a,)} u {A, — (a,)} B F Gec-
KOHEUHO MaJlbl, @ 3HaUHT, H HX Pa3HOCTb

{A - An} ={A - (dn)} - {An - (dn)}

eCTb 6eCKOHEUHO MaJiast MoCJef0BaTeNbHOCTb J1eMeHToB noJs F. OTciona Bbl-
TEKaer, uto

lim (|4 = Aq|l =0,

HO 3TO B TOYHOCTH O3HauaeT, yto A = lim A,. O

n—oo

Mpennoxenue 3.5. Apudhmemuueckue onepayuu npodoaxcaromes ¢ F
Ha F no nenpepoiernocmu, m.e. ecau

A= lim (@,), B= lim (by),
n—oo n—oQ

mo _ _
A+ B = lim (@, + bn), A-B = lim (@ - by).

Hdoka3zartenbcTtBo. CM. ynpaxHeHHe 16. 0

YnpaxHeHus

14. Ilokaxure, uto ecau {a,} u {b,} — nocnenosarenbhoctd Kowu, to
nocJenosatenbHoctd {a, + b,}, {a, — b,} v {a,b,} TakxKe aBasOTCA NocJe-
JnoBaresbHoCTIMH Kollu.

15. [lokaxure, uto ecau {a,} ~ {a}} u {b,} ~ {b]} — nse napsl 3KkBHBaNEHT-
HbIX MocJienoBatenbHocteit Ko, To {a, £ b,} ~{a), £ b,} n{a, b,} ~{a,-b,}.

16. lokaxkure npengyioxeHue 3.5.

§ 4. lMoae p-aguueckux uncea Q,

AG6coaoTHast BeIHUMHA |- | SIBJISIETCSt OCHOBHBIM NPHMEPOM HOPMBbI Ha ToJie
paumoHanbHbIX yncen Q. MupyunpopatHas eto metpuka d(x, y) = |x — y| —310
06bIYHOE EBKJIMIOBO pacCTOsIHHE Ha UHCJ0BOH NPAMOH, H, KaK 6bl10 06bSICHEHO
B § 1, pe3ysibTaToM nonosiHeH sl O 3TOH HOPMe ABJsIeTCS MoJie 1eHCTBHTENbHbBIX
yncen R.

Bosnukaer caenyolHii Bonpoc: AeACTBHTENbHO JIH €BKJHIOBO paccTosi-
HHe MeXIy palHOHaJbHBIMH UMC/IAaMH SIBJSIETCS HaHGOJIeE «ECTECTBEHHBLIM»?
Cy1wecTtsyeT Ji1 apyroii cnoco6 onucaTb «6JAH30CTb» MEXIY PalLHOHaJbHbIMH
yHcaamH? OKa3blBaeTcsi, UTO OTBET Ha 3TOT BOMPOC MONOXKHTENbHbIMH.
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HoBblii crnoco6 HamepeHHst pacCTOSIHUS MeX/y PalHOHa/bHBIMH YHCJIaMH
BO3HHKAET U3 CJIeyoLlel «apupMeTHUECKO» KOHCTPYKLIMH.

[lyetb p € N — npoussosibHoe npoctoe uucsao. Omnpegenum oTobGpaxe-
Hue |-|, Ha Q caepylowum oGpasom:

1
——, eca x #0,
x|, = ¢ Por* (4.1)
0, ecan x =0,
rie
ord - x — {HaHﬁoJIblHaﬂ CTeleHb YHCIa p, KOTOpast IeJIUT X, e x € Z,
P77 lordya —ord,b, ecnt x =a/b,a, b €Z, b #0.

3ameuanus. 1. 3ameTuMm, u4TO yHKUHS |-|, MOXET NMPHHHMATb TOJILKO
«JIMCKPETHOE» MHOXECTBO 3HaueHuil, a umeHHo {p", n € Z} U {0}.

2. Ecim a,b €N, to a=b (mod p") Torna ¥ TOJbKO TOrjma, Koraa
la —bl, <1/p"

Mpeanoxenne 4.1. Omobpascenue |-|, Asrsemcs Heapxumedosol
Hopmol Ha Q.

HokasateabctBo. CBolictBo 1) u3 onpenenennss 2.1 oueBHzHO, a
CBOICTBO 2) cJlelyeT H3 paBeHCTBa

ord,(xy) = ord,(x) + ord,(y).

[Tposepum caoiictBo 3). Ecim x =0 uan y = 0, To cBoiicTBO 3) OYEBHAHO,
T1I03TOMY Mpeanonoxum, uto x, y # 0. Ilyctb x = a/b u y = c¢/d. Torna umeem

__ad +bc
X+y= ~bd '
ord,(x +y) =ord,(ad + bc) —ord , (bd) > min(ord ,(ad), ord,(bc)) —ord, b —

—ord, d = min(ord, a — ord,, b, ord, ¢ — ord, d) = min(ord, x, ord, y).

Takum o6pasom,

1 —ord —ord
lx +ylp = pordp(+) < max(p~ o, pT YY) =

= max(|x|p, |ylp) < |x|p + 9l

3aMeTHM, YTO MOMYTHO Mbl 0Ka3aJH, YTO HOpMa |-|, HeapXHUMeLoBa. O
3ameuanns. 1. [Tosanee Mbl yBUAMM, uTO MoJ1e QQ He MOJIHO MO HOpME |- |,.
2. Hopma |-|p, He 3KBHBA/eHTHa HOPMe |-|p,, €CIH p| H pg — pasiHu-
Hble MPOCTble Yhcsa (AefCTBUTENbHO, AJ15 NOC/AEN0BATENbHOCTH X, = (p1/ p2)”
HMeeM |xq|p, — 0, HO |Xp|p, — 00).
Tenepb Mbl rOTOBBI ONPE/IENHTb OCHOBHON OG'bEKT 3TOH KHHIH. 3apHKCHpPY-
eM npocroe yneso p. Onpenenim Q, Kak noroJiHente noas Q no p-aauyeckoi
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HOpMe |-|,, onpeseneHHoi cooTHoweHHeM (4.1). B cootBeTcTBHH ¢ Onpesele-
Huem 3.2, p-anuueckasi HopMa npogomkaetcs Ha Qp, M (Qp, |-|,) sABAsETCS
MOJIHBIM HOPMHPOBAHHBIM noJieM. Bynem HasbiBath Q, nosesm p-aduueckux
ducen. dNieMeHTaMH 1oJisi Q, SABJSIOTCS KJNacChl SKBHBAJEHTHBIX MOCJ/eA0Ba-
TesbHocTel KowM pauuoHabHbIX YHCeN OTHOCHTEIbHO p-afAM4yecKoH HOPMBI.
Panee 6b110 nokasaHo, yto Q MOXHO OTOXAECTBHTB ¢ NoanoseM Qp, cocTosi-
MM M3 KJ1aCCOB 3KBHBAIEHTHOCTH, COZIepPKalllHX NOCTOsIHHbIE NOC/e0BaTelb-
HocTH Ko,

Ins npousBosibHOrO a € Q, Bo3bMeM MocJsefoBaTeNbHOCT Kow {a,},
npeacTapsiiolyo a. Toraa no onpejeneHHio

jalp = lim [aal,.

Takum 06pa3om, MHOXeCTBO 3HaueHHi oToGpaxkeHus |-|, Ha Q, coBnanaer ¢
MHOXEeCTBOM 3HaueHH# oTo6paxenus ||, Ha Q, a umenHo ¢ {p", n € Z} U {0}.
ITO coOBCeM He MOXOXe Ha MoBefeHHe aGCOJIIOTHON BEMUHHBI, KOTOpasl MpH
npogo/keHnd ¢ Q Ha R npuHuMaer Bce HeOTpULATeJIbHbIE AEHCTBHTENbHbIE
3Hauenusi. Bonee Toro, ecam |a|, # 0, To nocsnenoBaTesbHOCT HOPM {|an|p}
J0J>KHA CTabHIM3HPOBATHCS, €CJIH /1 IOCTATOYHO BEJIUKO!

B kaxgom kaacce 3KBHBasIeHTHbIX MocJjenoBaTesibHocTed Koiuu, onpene-
JISHOLIEM HEKOTIPbIH 3J1eMeHT noas Q,, COIepXKHTCS eMHCTBEHHbI KAHOHU-
yeckuli npenctaBuTenb. s Toro 4ToGHl €ro MOCTPOMTH, HaM moTpebyercs
caenyolast jemma.

Jlemma 4.2. Ecau x € Q u |x|, < 1, mo 0as at0boeo i cyuwecmsyem ma-
koe yenoe 4ucro a € Z, umo o — x|, < p~'. Yucao o mox#HO 8616pame npu-
nadaexmaujun mroxecmsy {0, 1,2, ..., p' — 1}, npuuemn us 3mozo muo-
JHecmsa OHO solbupaemcs eOUHCMBEHHbIM 0OPASOM.

HoxasatenbctBo. [lycts x = a/b, rie a u b B3aumMHo npocTsl (060-
3Hauaercst (a, b) = 1). Tak kax |x|, < 1, uncno p ne nesut b; cienoBarenbHo,
b w p' B3aumHo npocTbl. [103TOMY CyLLECTBYIOT TaKHe Liesbie YUCa /M U 1, 4TO
mb + np' = 1. Tonoxum a = am. Toraa

&~ xl, = lam — a/b],, = a/blslmb — 1], <
<|mb — 1], = |np'l, = In|p(1/p") < 1/p".

HaxkoHel, HCrob3yst CHIIbHOE HEPABEHCTBO TPEYTO/IbHHKA, K LJIOMY o MOXHO
MPHOABHTb YHCIIO, KpaTHOe p', uTOObI MOMYUHTD Lesoe uucsIo Mexay 0 1 p',
15l KOTOPOTO To-NpexHeMy |o — x|, < p~'. d
Teopema 4.3. Kascouiii kaacc aksusarenmuocmu a € Q,, yoosiemso-
parowuil Hepagencmsy |a|, < 1, codepaicum posHo 00Hy makywo nocie-
dosameabrocme Kowu {a;}, umo
)a,€Z,0<a;<p omai=1,2,
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2) a; = a;y) (mod pi)daai=1,2, ...

Hokaszateabctso. [lycts {b;} — nocnenoBarensHocts Kown. Mbt xo-
THM HaliTH 3KBHBAJIEHTHYIO €l MOCJe10BaTebHOCTb {a;}, yI0BJIETBOPSIOLLYIO
ycnosuam 1) u 2). Has kaxnoro j = 1,2, ... BbifepeM Takoe HaTypaJbHoe
yucso N(j), uto

|bi — bir|p < p‘j A5 mobbix £, i’ > N(j).

3aMeTuM, YTo Noc/eoBaTeNbHOCTb N(j) MOXKHO BbIGpaTh CTPOro BO3pacTaio-
weit, nostomy N(j) > ;.

Hanee 3amerum, uto |b;|, < 1, ecaim i > N(1), Tak Kak ans Beex i = N(1)
BbIMOJIHSIIOTCS] HEPaBEHCTBa

b1l < max(bi1p, b — bil,) < max((bil, 1/p),
nosTomy
|bir|p — lalp <1 npui’ — oo.
[Tpumensis nemmy 4.2, MoxKHO HaliTH Lenble uneaa aj, 0 < a; < p! Takue, uto
laj = bnglp < o7
IMokaxeM, uto a; = a;4) (mod p’) u (b;) ~ (a;).
CHauana 0KaXkKeM MepBoe yTBepKieHHe:
laj+1 — ajlp = laj+1 — bag+1y + bag+ny — g — (@ — bagy)lp <
< max(|aj+1 = bag+nlps 1OnG+1) = Oniplps laj — balp) <
< max(1/p*!, 1/pl, 1/p7) = 1/p/,

nostomy a; = aj41 (mod p/).
Uro6bl 0Ka3aTb BTOpOe yTBEepXKIeHHe, BO3bMEM MPOH3BOJIbHOE j; TOrAa
st i 2 N(j) umeem

lai — bilp =lai —a; +a; — by — (bi — bn)|p <
<max(lai —ajlp, laj = bwiylp, 1b: = buiplp) <max(1/p’, 1/p7, 1/pT)=1/p.

CunegoBaTesibHO,
lai — bil, = 0 npu i — oo.

Tenepb f0KaxeM eaHHCTBeHHOCTD. [lycThb {a/} — apyrasi moc/ie10BaTeNbHOCTb,
yZOBJIETBOPSIOLLAs YCJIOBHSIM TEOPEMbI, HO @;, # a; 1Sl HekoToporo io. Toraa
ai, # aj, (mod p"), TaK Kak aj, H a;, 3akmoyenbl Mexay 0 u p". Torna u3
YCJIOBHSI 2) CJIEflyeT, UTO AJIsi i > i BBITOJIHSIIOTCS COOTHOLLUEHHS

a; = a;, # aj, = aj (mod p®),
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T.€. a; # a} (mod p™). Ho 3To B TOYHOCTH 03HAYAET, YTO
1
, .
lai —ajlp > T Jo6oro i 2 i,

OTKyZla BbITeKaer, uto (a;) % (a}). 0O
Ecma € Q, nal, < 1, To unenbl a; noc/e0BaTeIbHOCTH H3 MpeablayLied
TeopeMbl YI0OHO 3aMHCbIBaTh CJERYIOUHM 00pa3oM:

a,-=do+d1p+...+d,~_|p"",

rie Bce d; ABJAIOTCS LeJbIMU yHcaaMu U3 MHoxeetsa {0, 1, ..., p — 1}. Hawe
yCJI0BHe 2) B TOYHOCTH O3HAYaeT, YTo

aipi=do+dp+...+disy p +dip',

NpHYEeM « p-afnyeckue LHpbl» oT do A0 d;—| SABJSIOTCS TEMH XKe CaMbIMH, UTO
v 1is a;. Takum o6pasoM, a npeacTaBisieTcs cxozsLIAMEs (no p-aanyeckoi

HOpMe, pasymee‘rcn) psiioM
o0
a= Z dﬂ p”7
n=0

KOTOPbIH MOXHO paccCMaTpHBATh KaK YHCJIO, 3allUCaHHOe M0 OCHOBAHHIO p H
6eCKOHeYHO MpOoJOoJIKaIolLeecss BJA€BO, HJHM colepallee GECKOHEUHO MHOro
p-aguueckux uncp. B nanbHeliem mMbl 6yneM 3anmucbiBaTh

a=...d,,...d2d|do

M Ha3blBaTb 3Ty 3alUChb KAHOHUYECKUM D-QOUHECKUM DA3AOHCEHUeM WIH
KaHOHuueckol ¢popmoii uncaa a.

Ecan |a|, > 1, To MBI MOXXeM JOMHOXHTb @ Ha HEKOTOPYIO CTelleHb YHCIa p
(MMeHHo, Ha p™ = |a|,) M MoNyuuTb p-aauyeckoe uncao a’ = ap™, KoTopoe
yXKe yZoBJIeTBOpsieT HepaBeHCTBY |a’|, < |

Torna mMoxxHO 3anHcatb

o0
‘ a= Y dap", (4.2)
n=-—m
npuueM d_, #0 v b; €{0, 1,2, ..., p — 1}. Tem cambiM Mbl MpeaCcTaBHIH

JaHHO€ p-aJhyeCKoe 4YUCJIO a B BHIE llp06ld 110 OCHOBaHHIO p, COI[ep)KaU.lef/'l
6eCKOHEeYHO MHOT0 p-aJuyeCKHux U,l/l(‘bp nepen 3aMaTod U KOHEYUHOE YHCJIO uld(bp
1ocJie Hee:

a=...d,,...d2d|do,d_1...d_,,,; (43)

3TO Mpe/CTaBJieHHe Ha3blBAETCS KAHOHUYECKUM P-AOUHYECKUM DAZAOHCEHU-
em yucna a.

OueBHIHO, UTO HOPMA pP-aJHUECKOTO UHCJ/IA ONpefessieTCsi HHAEKCOM Mep-
BOrO HeHyJIeBOro Ko3(ullieHTa B ero KaHOHHMYECKOM pasJioeHHH. Bosee
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TOro, nopAdOoK, onpeeeHHbl B Hayasle §4 11t palHOHa/bHBIX YHCEJI, MOXK-
HO TMPOJOJDKUTb HA BCe p-afAHuecKHe uucja: Aas uucaa a u3 (4.3) umeem
ord,(x) = —mu |a|, = p~ %@ = pm

3ameuanune 4.4. ExuHCTBEHHOCTb MpeACTaB/IEeHHsl, KOTOPYIO FrapaHTHpyeT
Teopema 4.3, OTCYTCTBYeT B Cjlyyae MpPeACTaBIeHHs YHCes 6eCKOHEUHbIMH APO-
6sIMH 110 OCHOBAHHIO g, O KOTOPOM LuJia peub B § 1, Hanpumep

1,0000...=0,9999...

B p-aguyeckoM ciyyae He GbiBaeT TaKMX HCKJIIOUHTENbHBIX CHTyauui. Ecau
JBa p-aJHUeCKHX Pa3JiOKeHUsl CXOIATCS K OMHOMY U TOMY XKe p-aluyecKoMy
YMCJY, TO OHH COBMAJAIOT, T.€. BCe UX UMPHl COBMAAAIOT.

Onpenenenune 4.5. [leaoin p-aduueckum 4HUCAOM, HA3bIBAETCS TaKOE
yHCJI0 a € Qp, UTO ero KAHOHHYECKOE Pa3foXKeHHe COLEPXKHT TOJbKO HEOTpH-
uaresbHble CTENeHH Ynueaa p.

MHOXeCTBO Le/IbIX p-aJHyecKHX uHces o6o3Hauaercs Zp:

o0
Ly = Zai p'
i=0
Jlerko BujeTb (ynpaxuenue 18), uto Z, = {a € Q,:|al, < 1}.

Teopema 4.6. Kasxodas 6eckoHeunHas nocre0o8amesbHOCMb UYeAblX
p-aduueckux duces co0epicum cx00auyrocs noonociedosamenbHOCMb.

HokasartenbcTso. Hanomuum, uro nodnociedosamenorocme {x,,}
MOCJIe0BATENbHOCTH {X,} 3aJaeTCsi TaKOH MOCJeN0BaTeNbHOCTbIO HATypasb-
HbIX yHcen {np}, uto 1) < no < ng < ...

[TycTb {x,} — nocnen0BaTeNIbHOCTb 3/1eMEHTOB Z,. 3aNullieM KaHOHHYe-
CKOe pas/io)KeHHe KaXMOro uieHa xi = ...aka%af. Tak kak undpsl af moryr
MPUHUMATb TOJILKO KOHEYHOe YHCJIo 3HaueHu# (umenHo, 0, 1, ..., p — 1), Mox-
HO HaiiTh Takoe by € {0, 1, ..., p — 1} n Takyio GecKoHeuHywo MOANOCAen0Ba-
TeJNbHOCTD {X0p} MOCNEOBATENBHOCTH {X)}, uTO NepBasi UMdpPa BCeX YHCEN Xop
paBHa by. Touno Tak xe Haxomum b, € {0, 1, ..., p — 1} v noanocnenoBarenb-
HOCTb {X};} NOCJIEA0BATENBHOCTH {X(k}, 7151 KOTOPOI B€ TepBbie LUDPBI Beeria
paBHbl b by. [Tpogoskast 3Ty Mpouesypy, Mbl MOJYYHM TAKYIO MOCJEA0BATENb-

HOCTb by, by, bg, ... ¥ TaKylo MoCJe0BaTEIbHOCTb MOCJef0BaTeNbHOCTEH
X00, X01, X02, - -+ X0s5y - - -
x|07 x“» x12» cecy xlS» ..
X20, X21, X22, ..., X25, ...

YTO KaXKuasl MocJlef0BaTeJbHOCTb SIBJSIETCS MOAMOC/AEN0BATENbHOCTbIO Mpe-
Obloylledl ¥ KaXablil 3JeMeHT n-i CTPOKM OKaHuMBaeTcs Ha b, ...bby. Hnsi
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kaxnoro j =0, 1, ... umeem

xjj €{Xj—1js Xjm1j41s -}
TakuM 06pa3oM, AMaroHa/bHasi MOCJENOBATENbHOCTb X0, X|, ... SABJAETCS
MO/NOC/IeI0BATEbHOCTLIO HCXOAHOM MOC/eN0BATENbHOCTH U, OYEBHIHO, CXO-
JMTCS K ... b3bob by. O

3ameuanue 4.7. ITOT pe3yJbTaT MOXHO PaCLUUPUTb Ha OrpaHHUeHHble
10CJ/1e0BaTebHOCTH (CM. ynpaxcHeHHe 22). Dta Teopema BepHa W AJIs orpa-
HUYEeHHBbIX MocCJ/efoBaTe/bHOCTE AeHCTBUTENbHBIX uHces. [loMHMTE /M BHI,
Kak OHa JokasbiBaeTcsi? [TompoOyiiTe fokasaTb 3Ty TeopeMy aHaJOTHYHBIM
o6pasoM 51 MOCJIef0BaTeJbHOCTH BelllecTBeHHbIX uucesn 0 < x, < 1, uc-
NoJb3ysl NpeACTaB/leHHe UHCeJ X, B BHe GECKOHEUHBbIX NECSATHUHbIX ApoGei.

YnpaxHeHus

17. KakoBa MowHOCTb MHOXecTBa Z,? OTBeT 060CHY#TE.

18. Jlokaxute, uto Z, = {a € Qp:|a|, < 1}.

19. Hafinure p-annueckyie HOPMbI U p-afuyecKHe pasJsoxKeHHs! CeAyOLHX
yHceJ:

1) 15, =1, =3 B Q5;

2) 6! B Qs;

3) 1/3!' B Qs.

20. Haitgute p-annueckoe pasnoxenue uucaa 1/p. Cuenaiite To e camoe
ans uucaa 1/pk.

21. Haiigute p-aanueckoe pasnoxenue uucaa 1/2, ecau p — npocroe
HeyeTHOe YHCJIO.

22. Jlokaxure, uTo KaXkasi orpaHHueHHast OCJe0BaTebHOCTh 3JIEMEHTOB
noas Qp comepXHT CXOASLLYIOCS MOAMNOC/e0BATeNbHOCTb.

§ 5. Apudpmerunueckue onepaumnu B Q,

OTmeTHM, uTO p-afuyeckoe pasjioXKeHHe MO3BOJISIET HaM MPOH3BOAHTb
apudMeTHUeCKHe orepalMH Haj 3djaeMeHTaMH noas Q,, Mogo6HO TOMYy Kak
310 6bi10 B cayyae R. Bosiee Toro, BcKope Mbl YBHAMM, YTO MPOH3BOAMTb
apr¢dMeTHUeCKHe ONepaLMH Haj 3JeMeHTaMu noss Q, ndaxe Jerye, yeM Hajg
AeACTBUTENbHBIMH uHcaaMu! [Tonoxum

a= i a,p", ‘ b= i bap",

n=-—m n=-—m

rae a, v b, — p-aguueckue uudpbl, npUueM a_, # 0, HO, BO3MOXKHO, OfHA
HJIH HECKOJIbKO NepBbiX UWHDp b_m, b_my1, ... paBHbl 0. Toraa npasas yacTb
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paBeHCTBa
[es

atbh= Z(a,,:i:b,,)p”

n=-—m

ABJISIETCS CXOMSILLMMCST PSIIOM; OJHAKO OH, BoOOlle roBops, He OyAeT KaHO-
Huyeckoil ¢opmoii (4.2). IlpuBeneHHe K KaHOHHYECKOMY BHIY, OMHCAHHOMY
B TeopeMe 4.3, COOTBETCTBYeT 06bIYHOI MpoLeype CJA0XKEeHHs! (HJIH BbIYMTAHHS)
«CTOJNIGUKOM», KOTOPYIO HAl0 IPUMEHHTD K p-aqHyecKUM YHCJIaM, 3alTHCAHHBIM
B Bujle (4.3), mpHueM 3/iech, KaK U B cJlydyae AECATHUHBIX Apo6eii, HCIOoMb3YeTC sl
CHCTeMa MepeHoca B COCERHHH paspsim.

YTo6bl MPOMJIIOCTPHPOBATL AJFOPUTM CJIOXKeHHsl, HalileM KaHOHHYecKoe

p-aauueckoe pasnoxenue uncaa —1 B Q,. Mimeem 1 =...00001. ITycTb unc-
JIO @ = ...as3asa)ap yaoBJjerBopsieT cootHouenuo | + a =0 (torna a = —1).
Hauunas cnipasa, umeem | + ag =0, Ho, Tak Kak ag €{0, 1, ..., p — 1}, enun-

CTBEHHbI C€rMoco6 AOCTHUb TpeGyeMoro COCTOMT B TOM, YTOObl HaHTH Q¢ H3
cooTHoleHnsi | + ag = p, a 3aTeM MepeHecTH eUHHULY BJeBo. TakuM oGpasom
ao = p — 1. Ilpogomxas 31y npouenypy, Mbl BUAHM, 4TO BCe d, paBHbl p — I,
T.€.

—I=...(p=Dlp-Dp-1.

YMHOXKeHHe BbINOJHseTCs MOX0XHM obpasoM. IlycTb 3ajaHbl KaHOHHYECKHe
pasnioxKeHHUs yucen a U b:

o 0] o 0]
a= Z a,p", b= Z b.p".
n=-—m n=—k

[lepemHoxas psiibl U NPUBOAS MOJOOHbBIE UJIEHbI, [TOJyYaeM

00
ab = Z uﬂpn7
n=—m—*k

rie
U_m—p =0 _mb_p,

U_mbt] = Qemptb_p + a_mb_py,

CHoBa 3TOT psifi, BooGlile roBopsi, He sIBJISIETCS1 KAHOHHYECKOil GopMoii, HO Me-
To[ TeopeMbl 4.3 1M03BOJISIET HAM MPHUBECTH €r0 K KAaHOHHYECKOMY BHAY. DTO
COOTBETCTBYET OOLIYHOH MpOoLeAype YMHOXKEHHs] «CTOJIOHKOM», KOTOPYIO Haao
MPHMEHUTb K p-afuyecKHM YHCJaM, 3allicaHHbIM B BUe (4.3).

UTo6bl MPOUJIIOCTPHPOBATD AeJIEHHE, MPEANOJIOXKHM, YTO AaHbl ABa YdC/a
a, b € Qp, npuuem b # 0. He Tepsiss 0GLIHOCTH, MOXHO MPEANONOKHTD, YTO
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beZ, b=.. babbgy, npruem by # 0. IlycTb p-agmueckoe UHCIO @ MMEET
BHL,
a=...a3asa|qp,a_y...0_p.

Tak kak by # 0 1 KosbLO BbueTOB Z/ pZ siBAsieTcs MojieM st TPOCTOTO YKC-
Jla p, BCerga MOXHO HaiTh takoe c_, € {0, 1, ..., p — 1}, uT0 c_pbo = a_;
(mod p). Tpoposmxasi 06bIuHYIO MPoLEAYPY AeJieHus (MepeHocs, ecaH Hano, |
BJIEBO), Mbl MOJIyYUM yacTHoe a/b B KaHOHUUeCKol dopMe.

W3 ckasaHHOro BbillIe BbITEKAET, UTO €CJIH a = ...(d9Q Ao — LieJloe p-aiu-
yecKoe YMCJIo, pHyeM ag # 0, To 06paTHOe 110 YMHOXKeHHI0 yucso 1/a Takxke
sIBJIsieTCsl LeqbiM p-aguyeckuM! (XoTs 3TO CBOACTBO LieJbIX p-aJHyecKHX UH-
ceJl, Ha TepPBbIA B3NS, MOXET MOKa3aThCsl YAUBHTENbHbIM, OHO OKa3blBaeTcsl
JIOBOJIbHO YIOGHBIM.)

C npyro#l CTOpOHbI, U3 TOrO, UTO

p-Za,-pi=aop+a1p2+...7é 14+0p+0p%+...,
i=0

CJIeflyeT, UTo p He HMeeT 06PaTHOTO 110 YMHOXKeHHIo B Z, (pasymeeTcsi, p HMeeT
obpatHbiii sseMeHT B Q, (ynpaxkHenue 20)). [Toxoxue paccy»ieHHs MOKa3bl-
BAIOT, UTO LieJloe p-ajuyecKoe YHcJio, Y KoToporo nepsasi uudpa ag pasua 0,
He MMeeT 06paTHOro no yMHoxeHuio B Z,. PesioMupyeM BhilllecKa3aHHOe B
cJleflylouleM MpeaJoXeHHH.

MNMpennoxenue 5.1. [{esoe p-aduueckoe 4ucro

a=...a1a0 € Z,

umeem obpammoe no ymHosxenuw 8 L, moeoa u moibko moaoa, Kozoa

ap 75 0.
O603Hauum rpynmy o6paTHMbIX 3JIeMeHTOB Kosibua Z, uepes Zy . Torna

oo
Zy; = Za,-p’:ao #0
i=l
DTa rpynna Takke HasblBaeTcs rpynnoil p-aduueckux edutuy. CorjacHo

ynpaxHeHuio 23

Ciienyiolilee yTBepKAeHHe HEMELJIEHHO CJIefyeT U3 OfpeeseHHs p-aIniecKoil
HOPMBI H ynpaKHeHHs1 23.

Mpennoxenne 5.2. [Tycmo x — p-aduueckoe 4ucao, umeroujee Hop-
my p~". Toeda wucro x mosxcem bbvime 3anucano 8 sude npoussederus
x = p"u, ede u € Z.
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3amernm, uTO apudMmeTHyecKue ornepaiyi B Q, paciunpsiioT o6bIYHbIE OMe-
palMy Hajl HaTypaJbHBIMH YMC/IaMU (3alMCaHHBIMH 110 OCHOBAHHIO p). 3HAKO-
Mble HaM aJIrOPUTMbI IIPOCTO HEOrPaHHYEHHO NMPOROJKAIOTCS.

BoT HeckosbKO MpUMepOB apupMeTHUeCKHX onepauuii B Q;:

...263 x ... 154 = ...455;
...30,2 —...56,4 =...40,5;
...421:...1583 =...615.

YnpaxHeHus

23. [lokaxure, uto Z; = {x € Zp: x|, = 1}.
24. Tlyctb uncno a € Q, MMeeT KAHOHHUECKOe pP-afHuecKoe PasjiodKeHHe

..Qp...Q9Q100,a_)...Q_p.

Kakoe KaHOHHUECKO€ pa3JioXKeHHe HMeeT YucsIo —a?

25. Llenble uucaa 2, 3, 4 o6patuMbl B Zs. Haiinure 5-anuueckue pasno-
XKeHHust o6paTHbIX K HUM. Haiinure pasnoxenue uncna 1/3 B Z;.

26. Haiingnte 4 undpbl KAHOHHUECKHX PA3JIOXKEHHH CJENYIOLHX p-aauye-
CKHX YHCeJ:

1) ...1246 x ...6003 B Q7;

2) 1:...1323 B Qs;

3) 900 — ...312,3 B Qyy;

27. Haiinure p-anuueckyio HopMy uxcaa (p")l

28%. Haiigure p-amuyeckylo HOpMy uucJaa nl.

§ 6. p-annueckoe pasnoxkeHue paLMOHANbHbIX YHCeJ

Kaxnoe Lienoe paLuoHabHOe YHCJIO SIBJISIETCS TAKXKe LeJIbIM P -aJHYeCcKHM
YHCJIOM (MPOCTO 3allHLIHTE ero B cHcTeMe Mo ocHoBaHW p). OfHaAKO Lefble
p-ajyecKHe YHCJa eCTb ¥ CPeld palMoHaJbHbIX Apobeii! Mbl BuiesH, 4To

~1=(p-1Y_p,
i=0
IIO3TOMY -~
il 1 _
;p—l_p, T = 1L,

a 3TO UYHCJIO SIBJISIETCS 3JIeMEHTOM KOoJblla Zp. 3aMeTHM, YTO p-ajHyecKoe
passioXKeHHe 3TOro LeJoro p-afuyeckoro yucja GeckoHeuHo! YnpaxHeHue 31
COEPXHT HeOGX0AMMOe U [IOCTATOUHOE YCJOBHE KOHEYHOCTH pP-aaU4YecKoro
Pa3JIOXKEeHHs!.
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Cuenyiowasi Teopema nokasblBaeT, UTo Cpefid BceX KaHOHHUYECKHX p-afH-
YeCKHX Pa3JIoKeHHH MOXKHO BbIAEJHTb Pa3JjloXKeHHsl PalHOHAJbHBIX YHCes TOY-
HO TaKHUM e crocobOM, KaK Mbl Bble/IsieM Pa3JIodKeHHsl paLliOHaJbHbIX YHCe
CpelH BCeX AECSTHYHBIX PA3JIOXKEHHH BEleCTBEHHbIX YHMCeI.

Teopema 6.1. Kanouuueckoe p-aduueckoe pasaroscenue (4.3) npeo-
cmasasem payuoOHAAbHOe YUCAO MOoe0a U MOALKO moeda, K020a OHO ¢
HeKOMmopo20 MOMEHMA ABAAEMC NepUOOUHecKUMm 8Ae80.

HokaszartenbcTBo. [Ipeanonoxnum, yTo KaHOHHYECKOE p-aJHuecKoe
pas/oxeHHe, HauHHasi C HEKOTOPOro MOMEHTa, siBJisieTcsl MepHOAUYECKHM.
YMHoXas (ec Hamo) JaHHOE p-afHYecKoe YHCJIO X Ha HEKOTOpYIO CTelleHb
YHC/Ia P M BbIUNTAs PALMOHANbHOE YMCJIO, MOXKHO CUHTAThb, 4TO X € Zp U Xg
MIMeeT MepHoAHYecKoe pasJsioKeHue BUAA

Xx=xo4+x1p+ x0p> + . 4 xe_1 ¥+ x0p* + x p* L
Yuncno a =xog + x1p + pr2 +...+ xk_lpk‘l SIBJISIETCS LeJIbIM pauHoHaJb-
HbIM, H MIO3TOMY X MOXXHO MpPEICTaBHTb B BHUAE

1
a(l +pk+p2k+...)=am,

CJIeI0BATENbHO, YHCJIO X SIBJISIETCS PALHOHAbHBIM,
O6paTHO, NPEANoNoXKHM, Y4TO

% = Zx,-pi € Zp.
i>0
MoxHo CYHTaTb, UTO YHCJA a H b sBASIIOTCS LENBbIMH B3aHMHO MPOCTbIMH H
yTo b He jenuTcst Ha p. 3amuileM p-aauyecKoe pasjioxKeHue uncaa a/b:
a —_—
5=

W oaoxuM A, = xg + x1p + xop? + ...+ x,_1p"', 0< A, < p* — 1. Tak
Kak A, sIBJsieTcsl UeJIbiM PalHOHANbHBIM YHCJIOM,

Xo+x1p+xp> 4.+ xp" 4L

a r
a_ 4 nln
b n + p b ’
npHueM r, — tenoe yncso. Toraa r, = (@ — A,b)/ p" 1 uMeer MecTo cienyiowas

OlleHKa: e
az" =Dk 8

p” X fl\p”‘

Ecau n poctatouo Bennko, To —b < r, < 0, a 370 03HAYaET, YTO 7,y IPHHUMAET
TOJIbKO KOHEYHOe YHCJIO 3HaueHHuil. Ternepb Mbl MOXeM 3aMucaTh

x=An+ P"% =App1 + /D"'Hf"b—Jr—l =A,+x,p" + p"“f"b—*—'.
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Ortcloza BbITEKaeT, UTO 1y, = Xpb + pruy 445 Beex n. Tak Kak r, NpuHAMaer
TOJIbKO KOHEYHOE KOJIMYEeCTBO 3HaueHHH, CYLIeCTBYIOT TaKoi HHIEKC /71 U TaKoe
HaTypaJlbHOe YHCJIO P, UTO 7y = Ipyyp; OTCIOAA

Xmb + proyi = Xmypb + prmypin, (6.1)
nosTomy
(Xm = Xm1p)b = p(rmsps1 = Imy1)-

Tak kak (b, p) = 1, uucno p nenut X, — Xpmep. Ho ¥ Xy, M Xy p sABASIIOTCS
undpamu u3 muoxectsa {0, 1, ..., p — 1}, nostomy x,, = X;n4p. Ecan noa-
CTaBUTb 3TO paBeHCTBO B (6.1), TO Mbl YBUAUM, UTO rpy| = Im4ps1. [IOBTOPHB
BbILIEH3/IOXKEHHOE PacCYK/eHHe, MOJyUHM, UTO

fn="ragp H Xqg=Xpep (n2=m).

Takum o6pa3om, He TOJIBKO MOC/ENOBaTeNbHOCTb LH(P X,, HO U MOCJe10Ba-
TeJIbHOCTb YHCJUTENEH r, HMeeT NepHol AJHHbI P, ecau n > m. O

Bo3HKKaeT Takoil BOMPOC: MOXKHO JIM N0 p-aflyeckoMy pas3/oXKeHHIo pa-
LIHOHAJIbHOTO YHCJa OnpefenuTb ero 3Hak? OTBer Ha 3TOT BOMPOC MOJIOXKH-
TeNbHBIH, ¥ OH JaH B ynpakHeHuu 30.

YnpaxHenus

29. Jlokaxxure, 4to

1) Z, NQ={a/b € Q:p1b),

2)Z; NQ={a/b€Q:ptab}.

30%. Tlycts r € Q. Ilokaxkute, yto CYLIECTBYET Takoe YHcJo k > 1, uro
p-ajMuecKoe pasfioxKeHHe uMcaa rp* Mmoxker GbiTb MpeACTaBJeHO B BHJE
...aaaaab, roe dparMeHTel @ U b cojepxar oJHHAKOBOE KOJHYECTBO LHGP.
JokaxxuTre, 4To HepaBeHCTBO r > () SKBUBAJIEHTHO HepaBeHCTBY b > a B 06blu-
HOM cMbIcJie (KaK AJ1s1 LieJIbIX YKCeJ1, 3aMMHCaHHbIX B CHCTEME 110 OCHOBAHHIO p).

31. Jlokaxure, uto p-ajHuecKkoe pasjioxeHHe uncaa a € Q, obpbiBaercs
(r.e. a; =0 ons Beex i, HauMHas ¢ Hekotoporo N) Toraa W TOJIbKO TOrAa, Koraa
a SIBJISIETCS NOAONHCUMEAbHbLM PALIHOHAJTLHBIM YHCJIOM, 3HaMeHaTellb KOTOPOro
AABJISIETCS] CTelNeHblo YHCsa p.

§7. Jlemma lenzens u cpaBHeHus

ITonpoGyem usBneub V6 B Qs; 370 03HAUAET, YTO Mbl XOTHM HAWTH TaKYIO

1oCJIel0BaTebHOCTb H-afAMyecKux Uudp ag, aj, as, ..., 0 < a; < 4, uro
(ap+a; x5+as x5 +...)2=14+1x5. (7.1
W3 (7.1) nonyyaem a3 = 1 (mod 5), otkyna ap = | nan 4. Ecam ag = 1, 10

20, x5=1x5 (mod5) = 2 =1 (mod5) = a; =3.
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Ha cnenytoiuem 1are nmeem
1 +1 x55(1+3x5+42x52)251+1 x 5+ 2ay x 52 (mod 5%),

oTKyza caenyer, uto 2as = 0 (mod 5) u, TakuMm oGpasom, as = 0.
Hrak, Mbl nosyyaem psin

a=14+3x5+0x5+...,

Tle BCe a;, HauHHasi ¢ @), ofpe/e/eHbl OIHO3HAUHO.
Ecain Mbl BosbMeM ag = 4, TO MOJy4HM pelLeHHe

—a=44+1x5+4x52+0x5>+...

C npyroii cTopoHbl, HecslOXHO yGenutbcs B ToM, 4To B Q5 cyiecTBy-
10T YHCJIa, H3 KOTOPbIX HEBO3MOXXHO M3BJleUb KBaApaTHbIH KopeHb (HampuMep,
2+ 1 x5).

M3/0XKeHHbIi Bbillle METO pellleHHsl ypaBHeHHil (Takux Kak x2 — 6 =0
B Q5) MOXKHO 0606LIMHTE C MOMOLIbIO OUeHb BAXKHOTO yTBepKAEeHHs, KOTopoe
HasblBaeTcsl «JieMMoi [eHzensi».

O6o611as 3aMeyaHHe 2, npeauIecTByollee NpefioXeHHIo 4.1, 6yneM roso-
pHTb, uTO uMcna a u b € Q, cpasHumbL o MO0 P", H 3aMUCHIBAThH

a=b (mod p"),

ecau la — b|, < 1/p™.
Teopema 7.1 (nemma Tensens)). [Tycmo F(x) =co + c1x + ... 4+ cpx" —
MHO20UNEH C yeabimu p-aduydecKumu Koagguyuenmanu. lNycmeo

F'(x) = ¢ + 2cox + 3c3x% + ... + ne,x™™!

— npou3soonan muoeoudrena F(x). [Ipednoaoxcum, umo p-aduueckoe
4ucao ag yoosaemsopsem cpasuenuio F(ayg) =0 (mod p), npuuen F'(ag)
# 0 (mod p). Toeda cyujecmsyem edurcmsenroe yeioe p-adu4eckoe 4iuc-
210 a, makoe umo F(ag) =0 u a = ay (mod p).

JlokasaTedabcTBo. JJoKa3aTesbCTBO CYILIECTBOBAHUS UHCIA A COCTOHT
B TOCTPOEHHH KAHOHHYECKOro p-afMuecKoro pasjioxeHust a = by + by p +
+ bap? + ... mo unaykuuu. Ha k-M [mare MHAYKLMH, HCTIOJb3Ys p-afuue-
cKylo Moaudukauuio Merofa HbloToHa (CM. 3ameuanue cpasy mociie 3TOro
J0Ka3aTesbCTBa), Mbl MOJNYYUM k-e NMpUOJIHKEHHE YHCJIAa A, HMelollee BHJL
ap =bo + ... + bpp*. Kaxnoe a, Gyner KOpHEM MHorousieHa F(x) TOJIbKO
«nio moymo p**ls (r.e. F(ay) =0 (mod p*+!)). B npenene npu £ — co Mbl
TMOJIY4HM YHCJIO @, KOTOpOe OYIeT «HACTOSILLMM» KOPHEeM MHorouJieHa F.
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Bousee TouHo, foKaxXeM HHAYKLHeH MO k clelyioliee yTBepKAeHHE:
S(k): cyuwyecmsyem makoe yeaoe p-aduueckoe Hucao suoa

ar=bo+bp+... +bkpk
(yugppor b; aescam 8 muosxcecmse {0, 1, ..., p — 1} 0asa scex i), umo
Flag) =0 (mod p**!) w ap=ay (mod p).

Basa uHaykuuy oueBHaHa: Bo3bMeM by paBHbIM NTepBOH p-afHuecKoi LHdpe
yhcaa @g, TOTAA MOJMYy4YHM ag = dg ¥ F(ap) =0 (mod p).

Tenepb BbIMOMHUM LAl MHAYKLMH, T.e. LOKaxeM, yTo U3 S(k — 1) caeny-
eT S(k). Ilst 3TOro NoNOXKuM ay, = ag_| + by p*, rae uudpa by, (moka Heuspect-
Hasi) ynosJerBopsieT HepaBeHcTBY 0 < b, < p. Pacnuwem F(ap), urHopupys
cnaraemble, KpaTHble pt!:

n
F(ar) = Flag-1 + bep*) = cilar—1 + bpp*) =
i=0

= Zc, a,_, + zak lb,qp + cnaraemsle, kpaThble p*t!) =

= Flag-1) + bep"F'(ar-1) (mod p**1).

Tak Kak Mo npeanoJoxeHHio HHAYKLIHMH F(ak_1) =0 (mod p*), Bbipakente s
F(ar) MoxHO nepenucath B BUIE

F(az) = axp® + bpp*F'(ak—;) (mod p**!)

1151 HekoToporo uednoro ay, € {0, 1, ..., p — 1}. Takum o6pasom, Mbl moJiyyaem
cJefytollee ypaBHeHHe [l HEH3BeCTHOH LGPl by

a + beF'(ak-1) =0 (mod p),

KOTOpOE JIErKO peiuiaetcsi MpH yeqoBuu F/(agp—;) # 0 (mod p). Ho 370 ycaosue,
KOHEUHO e, BbIMOJNHEHO, TaK KakK a,_; = dg (mod p), 1 mosatomy

F'(ag-1) = F'(@o) #0 (mod p).
Paspnenns Ha F'(aj—|), Mbl HaxoauM Tpeéyemy}o uncpy bp:

by = (mod p),

F'(

IJ1sl KOTOPO#1 BBINOJIHEHO CPaBHEHHe F(ak) =0 (mod p**!). Tem cambim, war
MHIYKLHH 3aBeplUeH.
Tenepb nosnoxum

a=bo+b1p+b2p2+...
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3amerum, uto F(a) = 0, Tak Kak A5l BceX & UMeeM
F(a) = F(ap) =0 (mod p**1).

ENMHCTBEHHOCTb YMCJla @ BbIT€KaeT W3 €IHHCTBEHHOCTH I0CJ/el0BaTeNbHO-
cTH {ag}. O

3ameuanue 7.2. B merome HbloToHa 1/l BellleCTBEHHOTO CJyuasi, ec/u
f'(an—1) # 0, Mbi BbIGHpaeM

flan—1)
f’(an—l) ’

[TonpaBoyHbIi YieH OYeHb MOX0XK Ha «MOMPABOYHBII YJieH» 13 JO0Ka3aTe/bCTBa
JemMmbl [ensens:

ap =0Qp—1 —

F’(an—l) _Fl(an—l)

an" OtnP" F(an-—l) (mod pn+l).

OpHako JiemMa [eHsenst B HEKOTOPOM cMbicJie Jyuie, yeM MeTof HbtoToHa B
BelleCTBEHHOM CJlyyae: B p-afiyecKoM CJlyyae CXOAHMOCTb K KOPHIO MHOTO-
yJleHa rapaHTUpyeTCsl YHUBepCabHbIM YCIOBHEM Ha HauyajibHOE MPUOIHKEHHE
g, TPHYEM BHJ 3TOTO YCJIOBHs HE 3aBUCHT OT MHOTOUJIeHa. B BelllecTBEHHOM e
cayyae Meron HbloToHa cxomuTest, ecid HaualbHOe NPHO/IMKEHHE JOCTATOUHO
6JIM3KO K HCKOMOMY KOpHIO, @ 3TO YCJIOBHe 3aBMCHMT OT MHOroujieHa. Hanpu-
mep, ecn f(x) = x° — x n ag = 1/+/5, 1o nonyuures a; = —1/v/5, ay = 1/v/5
U T I

HanomuuM, uto B TeopeMe 4.3 KaHOHHYECKOE pa3fioxKeHHe p-afn4ecKoro
yucsa MoJiyyaercsi U3 MocJef0BaTebHOCTH cpaBHenuil. Jlemma lensens moa-
TBepkaaeT 3Ty cBsizb. CJlesyloliast TeopeMa [ie1aeT CBA3b MeXIY p-aJiHyecKH-
MH YHCJIaMH H CPaBHEHUsIMH ellle GoJiee OYEBH/IHOM.

Teopema 7.3. Mrocouren ¢ yeavimu Ko3ghguyuenmanu umeem Kopero
8 Z, moz0a u moAbKO moeoa, K020a OH umeem YeAOUUCACHHbLE KOpeHb
no modyato p* das aobozo k > 1.

HokaszarteabcTtBo. [lycts F(x) — MHOrOUIEH ¢ LEJOUHCIEHHBIMH KO-
sdpduunentamu. Tlyctb a € Z, siBAsieTcsl KOPHEM 3TOTO MHOTOUJIEHA, T. €.

F(a) = 0. (7.2)

[To Teopeme 4.3 cyuiecTByeT TaKasi MOCJ/Ie0BATENbHOCTb ULEJbIX 4YHCe
{a,, as, ..., ag, ...}, uto

a=a (mod p*) (ak=bo+bip + bap? + ...+ bp_y p*7 ).
Torna u3 cootHowenuit F(ay) = F(a) (mod p*) u F(a) = 0 caenyer, uro

Flax) =0 (mod p*). (7.3)
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O6patHo, NpearnonoXuM, uyto cpaBHeHHe (7.3) UMeeT LieJIOYHCTIEHHOE pe-
eHHe a, Aas moboro k > 1. Cornacto teopeMe 4.6 nocJiefoBatenbHOCTb {ay}
COJEPXKHT CXOJSLLYIOCS OANOC/eL0BaTE/bHOCTD {ay, }, hm ap, = a. [Tokaxem,

YTO @ sBJsieTCsl pelleHHeM ypaBHeHHs (7.2). Ilenc:TBmeJleo TaK KaK MHOTO-
yJleH sIBJISIeTCSl HerlpepbiBHOH (yHKLMel, HMeeM

Fla) = lim Flax,)

(3mech Mbl MoJIb3yeMcs T€M, YTO NIpefiesl CyMMbl paBeH CyMMe Ipe/esioB U fpe-
JieJl IPOU3BeleH!s] paBeH MPOU3BENeHHIO TPENEJOB, T. e. NpeiloxKeHHeM 3.5).
C npyroit cTOpOHBDI,

F(ag) =0 (mod p*).

Takum o6pasom, lim F(ap) =0 u F(a) = 0. a
-

I’IpaKTuquKole COJ?ELLCTBHE TeopeMbl 7.3 cOCTOHT B ciefytolieM. Ecan MHO-
rouJieH ¢ LeJbIMH KO3((HLIMEHTaMH He UMeeT KOpHeH Mo MOMyJio p, TO OH He
uMeeT KopHe# ¥ B Z,. O6GbIYHO GbIBAET HECJIOXKHO HAHTH KOPHH 10 MOLYJIIO p,
ecJii OHY ecTb. Ec/in KopeHb 10 MOAyJ1l0 p He siBJsieTCsl KOPHEM MPOH3BOAHOM
1Mo MoyJio p, TO Mo JemMe [eH3elss MOXHO HalTH KOpeHb B Zp.

Bropoe ycinosue (F'(dg) =0 (mod p)) teopembl 7.1 cyiectBeHHo (cM.
yrnpaxkHetue 32).

ByzeM Ha3biBaTh 1ieJ10e paLMOHAIbHOE UHCIIO @, He JeJisiiieecs Ha p, K8ao-
DPAMUYHbLM 8bLHEMOM N0 MOOYAIO P, €CNIU CPaBHEHHe

x2=a (mod p)

uMmeer peieHde cpenu uucen {1, 2, ..., p — 1}. B npotuBHOM cyiyyae a Ha3bi-
BAaeTCs KBAOPAMUYHbIM HEBbLYUEMOM.

Mpennoxenne 7.4. Llesoe payuonarsroe 4ucao a, He deasujeecs Ha p,
umeem 8 L, (p # 2) Kea0pamHoili KOpenb moeda u mMoabko mozoa, Ko-
2da a 2843emcs K8aopamu4YHolLM 8olHemoM No MOOYA0 P.

HNokasaTenbcTso. [lyets P(x) = x2 — a, Torna P'(x) = 2x. Ecma —
KBaJpaTHYHbIH BbIYET, TO

a= ag (mod p)

LJsi Hekotoporo ag € {1, 2, ..., p — 1}. 3nauur, P(ag) = 0 (mod p). Ho
P'(ao) = 2a0 #0 (mod p),

Tak Kak (ap, p) = 1. CnenoBarenbHo, mo Jiemme [eHsesns cyliecTByer peitle-
HHe, NpHHaLexallee Z,. O6paTHO, ec/li a — KBaAPaTHYHbI/ HeBbIYET, TO M0
TeopeMe 7.3 MHorousieH P(x) He uMeeT KOpHe# B Zp. O

Hanpuwmep, V=1 B Zs CYLLeCTBYeT, TaK Kak uuciao —1 + 5 =4 sBasercs
KBaJpaTHYHbIM BbIYETOM 110 MOJYJIO 5; B TO Xe camoe BpeMsi v/—1 B Zj He
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CYLIECTBYET, TaK Kak uHcyio —1 + 3 = 2 sBysieTcst KBaApaTHUHbIM HEBbIUETOM
no MonyJio 3.
Beisicuute, cywiectsyeT JH /P B Zp?

YnpaxHeHus

32. IlpuBenuTe NpUMep MHOTOUJIEHA C LieJIbIMH KO3(PdHUHEHTAMH, KOTOPLIA
MIMeeT KOpeHb 110 MOJYJI0 2, HO He MMeeT KOpHell B Zg.
33. okaxkute, 4To ecqiv p # 2, TO p-aanueckas equHHLA

u=co+cp+cop’+...

SIBJISIETCA KBAAPaTOM B Z, TOT4a M TOJbKO TOTAA, KOTAA C( fBJAseTCS KBajpa-
THYHBIM BbIUETOM MO MOMYJIIO p.

34. [lokaxuTe, UTO ypaBHeHHe x3 — 1 =0 umeer pewenve a # 1 B Z7, u
HaiiuTe TpH MepBble LU(Pbl €r0 KAHOHHYECKOTO Pa3oXKeHHs!.

35. Ilokaxure, uto ypasHenne x> — | = 0 He umeeT pewenuit a # 1 B Q.
Bbl 10/KHBI 00 BSICHHTD, TI04eMY TaKHe KOPHH U3 1, ecii Obl OHU ObLTH, JOJKHbI
6bl11 Obl JieXaTb B Z7, a He npocTto B Q!

§ 8. Anre6panyeckune CBOMCTBA LEJbIX P-aAHYECKHX YHCEJ

Mbl yxe BUJE/H, YTO Liesible p-afHueckHe YHCJa BO MHOMOM OT/IHYAIOTCS
OT OObIUHbBIX LEJIbIX YHCesl H3 MHOXKeCTBa Z. 3eCb Mbl YBUAMM, UTO ajrebpau-
yeckHe CBOHCTBA YHCeN U3 Z, He XyXe, a MOXKeT ObiTb, JaXke 4eM-To H Jyyllle,
yeM CBOHCTBa OOBIYHBIX LesibiX yncet. OO6bluHble Liesble YHCIa 00pasyoT KOM-
MYymamusHoe KOAbYO, T.€. 3TO MHOXKECTBO C JABYMsi GHHapHBIMH OMepauusiMH,
KOTOpble Ha3blBalOTCsl, KaK ¥ B CJlyyae M0JIsl, CJIOXKEHHEM H YMHOXKEHHEM, TTpH-
yeM 3TH OflepaluH YJoBJeTBOPsIOT cBoiicTBaM 1)—6) u 9) u3 onpenesnenus
noas (§2). KommyratnBHoe Kosibiio Ge3 fenuTellell Hyssi HasbiBaeTcsi 064a-
CMbIO YeAOCMHOCMU.

Henycroe noamuoxecTBo / Kosiblia R HasbiBaeTcst L0eai0M, eClli OHO SB-
JIsleTCsl NOArpyNnoi B R Mo cJI0XKeHHI0 U AJ1s1 obbIX x € [ U r € R BblnosHseTCs
BKJIlOUeHHe r - x € /.

Hanpumep, MHOXXeCcTBO mZ BceX LeJiblX YHCeJ], AeSIIUXCs Ha JaHHOe YHC-
JI0 m, SIBJISIETCS HJeasioM Kosbla Z.

Wnean nasbiBaeTcsi MAKCUMAAbHbOLM, €CJH OH HE COAEPXKHTCS HH B Ka-
KOM Jpyrom co6CTBEHHOM Hieasle. B npumepe, npuBefeHHoM Bbiille, Hiean m2z
MaKCHMaJleH TOTa H TOJIbKO TOTAa, KOTAa /M sIBASIETCS POCTHIM UHCJIOM.

Hpean [ C R HasbiBaeTcsi erasHoim, ecnn | = rR = (r) Ansi HEKOTOPOro
r eR.

Inst konbua R u upeana [ C R MoxHO onpeneauts dakrop R// Kak MHo-
XKeCTBO CMEeXHBIX K/1acCOB C ONepalMsMH CJIOXKEHHs] H YMHOXEHHs!, KOTopble
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OfpeJleNAloTCs ecTeCTBeHHbIM 06pa3oM. Ecai R — KOMMyTaTHBHOE KOJbLO €
enuuuuedl, To R// sBasercs moJseM Toraa M TOJBKO Torda, Koraa upean [
MakcuMmaJseH. Hanpumep, Z/pZ — 3To moJie BbIYETOB 10 MOAYJIO p, KOTO-
poe sIBJIsieTCsl €AUHCTBEHHBIM T0JIeM W3 p 3JeMeHToB. [lns 6osee MoAPOGHOTO
o3HakoMJeHus cM. [3], §3.5.

Mpennoxenne 8.1. Koavyo Z, asasemcs 06aacmoro yeA0CMHOCMU.

HlokasaTesnbcTBo. ITo BbITEKAeT H3 TOTO, UTO Z, COAEPKHTCS B MHO-
xectBe QQ,, KOTOpoe siBJsileTcsl M0JIeM M MO3TOMY He COAEepXHT JenuTesed
HYJIS1. O

Ilycts F, = Z/pZ — Koxeutoe noJie u3 p 3neMentoB. OToGpaxkenne

a=Y ap'+ao (mod p)
i=0

onpesiesisieT roMOMopGhH3M Kodlell, KOTopbIil Ha3biBaeTcsi npusederuem mod p.
ITOT roMOMOp(hH3M CIOPBEKTHBEH, H €ro siApo HMeET BU

o 0] o0 .
{a€Zpag=0y=1> aip'p =4pY aip's=pZL,
i=0

i=1

Tak kak daxrop sBasercs noJjem, aapo pZ, o6pasyeT MaKCHMaJbHbIH Haean
B Koqiblie Zp.

Caencraue 8.2. Koaoyo Z, codepacum eOuHCmBeHHbill MAKCUMANbHBLE
udean, @ UMEHHO

pLy =Zp\Z,.

HoxasaTteabcTBo. [lycTe / — npyroit Makcumanbhbiil nieas. Tak Kak
uiean pZ, Takxe MakcHMalbHbli, /| 06513aH colepxKaTh KaKoH-TO 3J1eMeHT a
M3 €ro NOIMNOJIHEHHS], a € Z,’j. Tak Kak / siBasiercst uieanoM, l =a-a~' €/ u
Torfa | = Z,. O

Mpennoxenne 8.3. Koavyo Z, asasemcs 064acmoro era8HbLX UOEANOS.
Boaee mouno, sce udearw korvya Z, enasnoie: {0} u p*Z, das scex k €N.

HNoxazatenbcto. [lycts / # {0} — kakoii-To unean B Z, n 0 #£a €/ —
3JIEMEHT, UMEIOLIMH MaKCHMaJbHYI0 HOPMY (TaKOH 3JIeMEHT CyLIeCTBYeT, Tak
KaK HOpMa NMpUHUMAeT JMCKpeTHOe MHOXecTBo 3Hauenuit). [Tyets |a|, = p~*
s nekotoporo k € N. Torna a = e p*, rae ¢ siBnsieTcs p-aauueckoil eIMHHLEE.
Cnenosatensho, p* =¢~la C I, a snaunt, (p*¥) = p*Z, C I. Hao6opor, us
Jo6oro b € [ mbl umeeM |b], = p~¥ < p~*. Ho Torna Mbl MoxeM HamnucaTb

b= pwsl — pkpw—ksl c kap-

TakuM 06pasoM, | C p*Z,, u, snauut, | = p*Z,. a
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B §7 B kauecTBe npusoxkeHus JeMmbl [eH3es1s1 Mbl paCCMOTPEH CYLLeCTBO-
BaHHe KBalpaTHbiX KopHell B Q,. [lpyruM npuMeHeHHeM 3TOTO YTBEPXKAEHHsl
SIBJISIETCS] BOMPOC O NPUMHTHBHBIX KOPHSIX H3 eMHHLbl B Qp.

HarnomuuM, 4To 3/1eMenT moJist { Ha3blBaeTCst KOPHeM crmenexu m u3 eou-
Huyot, ecii L™ = 1; Takoil KopeHb HasblBaeTcs npumumugHoim, ecau ¢ # |
a0 <n<m.

Mpennoxenne 8.4. s 1106020 npocmoeo wucia p u 06020 Hamy-
PaabHOO 4ucaa m, 83aumHo npocmoeo ¢ p, 8 Q, cywecmsyem npumu-
MUBHBLI KOPeHb crmenexu m u3 eOuHuybl moaoa u moabko moaoa, Koeda
m|(p —1). Bamon cayuae kaxObili KopeHs crmenenu m u3 eOuHuybl 18-
Asemcs makwe kopHem cmenenu (p — 1). Bece kopru cmenenu (p — 1)
u3 eduruybl 06pasyrom yuxkauieckyo nodepynny 8 Z, nopadka (p — 1).

HoxkasateabctBo. [lyctb m | (p — 1); Torna p — | = km ans Heko-
Toporo k > 1, 1, 3HauuT, KaXK[blil KOpeHb CTelleHu m U3 | sBJsieTCs Takxke U
KopHeM crernenu (p — 1). [Tonoxum

fry=x""" =1, f'x)=(p - 1)xP2

BosbMeM Npou3Bo/ibHOE HAaTypasibHOE YHCII0 X € Z; U3 oTpesKa 1 <xo< p— 1.
Torna

f(x0) =0 (mod p) n ['(xo) Z0 (mod p),

TaK Kak | f/(xp)| = 1. CienroBaTesibHO, MOXKHO NPUMEHUTH JieMMy [eH3elist 1 Mo-
JIyUHTb B TOUHOCTH (p — 1) pellieHHe, KOTOpble SABJSIOTCS KOPHSIMHU U3 | cTeneHu
(p — 1). [1epBble uudpbl 3THX KOPHEH paBHbI, COOTBEICTBEHHO, 1, 2, ..., p — L.
O6patHo, eca o € Q , — KaKoii-To KopeHb U3 1 cTenenn m, ™ =1, 10 ||, =1,
T.e. a € Z,. [ycts nepsas uudpa uyucaa o pasua ag. Toraa af' = 1 (mod p),
W, 3HauuT, m geaut p — 1, rae p — | — nopsinok rpynnet (Z/pZ)*. Tak Kak
MHOTOUJIeH ¢ Ko3¢hQHLHEHTaMH B 110J1e He MOXeT UMeTb KopHell Gosiblile, yeM
ero ctenensb ([3], Lemma 5.3.2), Muorounien x”~! — | He MoKeT MMeTb GoJbile
(p — 1) KopHs, 1 Bce ero KOpHH sBJSIIOTCS KOpHSIMH M3 1. SIcHO, uTo KOpHH
3 1 o6pasyioT rpynmy 1o ymHoxXenuio. HakoHeL, Tak Kak KOHeuHast MOArpymnmna
MYJIbTHIVIMKATHBHOM TpyNibl MoJisi uukandeckas ([3], Lemma 7.1.6), rpynna
KOpHelt U3 | cTenenn (p — 1) sBJsieTCs LUMKIMYECKOH MOATPYMNNON MOpsifKa
(p—1)BZjJ. O

Jlnsl HaxoXIeHHs! KopHell U3 elMHHULb! CTeleHH p JiemMa [eHsens wenpu-
MeHHMa (moueMy?), Mbl BepHeMcsi K 3TOMy Bolpocy no3xe (Teopema 18.9).

KopHH M3 efuHHLb! cTeneHH (p — 1) TecHO CBsi3aHbl C Tak Ha3biBaeMok
pyukyued cuenym sgn,(x), Kotopasi onpefesieTcsi B Clelyioleii Teopeme.

Teopema 8.5. [laa a0bo20 x € Z, cywecmsyem npedea J_]»ﬂ;o xP". 3mom

npedea 06o3Ha4aemcs sgn,(x) u obradaem credyroujumu ceolicmeamu:
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a) sgn,(x) 3agucum moabKO Om nepsou yuppbl xo KAHOHU4ECKO20
P-A0UHECKO2O PA3AOHCEHU HUCAA X;

b) sgn, (xy) = sgn,(x) - sgn,(y);

¢) sgn,(x) = 0, ecau xo =0, u asasemcs koprem u3 1 cmenenu (p — 1),
ecau xg # 0.

HokaszarteabcTso. [lycts X0 € {1, 2, ..., p— 1}. CHayana Mbl NoKa-
KeM, 4TO T10C/Ie10BaTeNbHOCTb {x§ } cxomutesi. Ilo Teopeme Jiinepa

xg(p") =1 (mod p"),

rie ¢ — QyHKuMs Jilepa: IS HaTypaJbHOTO YHCJ/IA /7 3HaueHHe (1) paBHoO
KOJINYECTBY YHCEJl, MEHbLIHUX /71 ¥ B3aUMHO MPOCThIX ¢ HUM. Tak Kak yncio p —
npoctoe, umeeM ¢(p") = p" — p"~!. Toraa

pn pn—

n__ n—1|
FTP =1 (mod pt), x{ =x§

Xy (mod p"),

H, CJIeflOBaTeNbHO,
p" pn—-l 1
|xg —x lp < Ik
n
Tak kak 1/p™ — 0 npu n — oo, NoCJEN0BaTENbHOCTb {x§ } sBAsIeTCs MoCe-
J0BaTeJIbHOCTbI0 KoLK M, MOCKOJIbKY NMPOCTPaHCTBO Z, MOJHO, CXOAUTCS K
HeKoTopoMy Tpefeny B Z,, KOTOPbIil Mbl 0603HauHM

n
sgn,(xo) = lim x§

Ouesuano, uTo 3TOT Npefies CyLecTByeT List xo = 0, mosToMy yHKuHst sgn , (x)
onpenesiena aasiBcex xo € {0, 1,2, ..., p— 1} u sgnp(O) = (0. Janee mbl Mo-
Kax<eM, UTO 3TOT MpeJieNl CyLLeCTBYeT At BceX X € Zp, U onpejessieTcs neppoi
LHdpoH xp ydcna x. [lns 3Toro HaMm noHafgobHUTCs ciefylollas JeMma.
Jlemma 8.6. [Tycmo x € Z,, npuuesm nepsas yugpa wucaa X pasHa xo.
Toeda svinoaneno nepasercmeo |xP — x|, < p~'x — xol,.
HNokasarteabcTso. [lyctb x = xo + o, MpHueM |a|, < p~!. Torna

xP —xP = (p>x(')’_'a+ (p)x5_2a2+...+ (p)a" =
p

1 2
=(x —xo)((p)xp'l + (p)xp_2a+ - (p>a"").
| 2 p
Tak Kak I(?)xé"/a/“l < p~' ana j > 1, npumensis cHIbHOE HEPaBEHCTBO

TpeyroJibHHKa, Nnojyyaem

lx? — x81p < p~Hx = xolp. a
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[puMensisi 10Ka3aHHyIo J1eMMY, MoJyyaeM
pn pn —1 pn-l p"“ —n
? —xg lp < p7ilx — x5 lp << pT X = xolp,

. n . n
OTKyZla cjiefiyeT, uto npefes lim xP" cywecTsyer u pasusietca lim x{ . Ta-
n—oo n—oo
KHM 06pa3soM, Mbl ONPE/IeNIUIN SN ,(X) M1s BeeX x € Zjp, A0Ka3aB TeM CaMbiM
yTBepK/eHHe a). YTBepXKieHue b) BbiTeKaeT U3 CBOHACTBA Npe/e/oB:

lim (xg)”" = lim (x”")(y"") = lim x?" lim y”".
n—oo n—oo n—oo n—oo
Ocraiioch mnokasatb, uto eci xo € {1, 2, ..., p — 1}, To sgn,(xo) siBsieTCs

KopHeM u3 1 crenenn (p — 1). Mcnonbaysi yrBepxaenue b) u manyto reopemy
depma (KoTopasi sIBJIsIETCsl YaCTHBIM CJlyyaeM TeopeMbl JilJiepa MpH n = p),
noJiyyaem

sgng"(xo) = sgnp(xg_l) =sgn (1) = L.

Taknm 06pasoM, sHaueHnst GyHKLHMH SEN , (x) SIBASIOTCS PelLeHHsIMA YPaBHeHHs!
y? —y =0. Tak kak Q, — noJste, 3To ypaBHeHHe He MOXeT HMeTb B Q,, a
3HauMT, H B Z,, Gosblue p peilenuil. CnenoBaTesbHO, 3HaYeHHSIMH (DYHKLHMH
CUTHYM HCYEepNbIBAIOTCS BCE PellieHHs] 3TOr0 YpaBHEHHSI. O

§9. MeTpuKH ¥ HOPMbI Ha MHOXECTBE PaLlHOHANbHbIX
yuceJs. Teopema OcTpoBckoro

Kak mbl yxe Bugend, Ha noJe Q MOXHO BBECTH cCJlefylolllie HOPMbI:
BO-TEPBbIX, pP-aAHUeCKyl0 HOPMY |-|, A KaXAOro MpocToro yucsaa p, BO-
BTOpbIX, 0ObIUHYI0 a6COJIIOTHYIO BENHUHHY |-| (KoTopasi HHorAa o6o3Hauaercs
| |oo, YAOOHO CUMTATb, YTO p = 0O SIBJSIETCS] GECKOHEYHO GOJIbLIMM TPOCTHIM
yucsoM). 31eCh Mbl MIOKaXKeM, UTo Ha QQ He CylecTBYeT APYrHX HOPM H, CJief0-
BaTeJIbHO, eJHHCTBEHHO BO3MOXKHbIMH MOMOJIHEHHAMHU NoJsi Q siBJAsIOTCS MoJist
Q, n1s1 Bcex mpocThiX p H R = Q.

Teopema 9.1 (teopema OcTpoBckoro). Bcakas HempusuaibHas HOp-

ma ||-|| Ha Q sksusarenmra Hopme |-|, 043 HEKOMOPO2O NPOCMOSO Huc-
AQ P U P = 00.
HokazaTteabcTso. [Ipeanonoxum cHauasna, 4To HopMa ||-|| apxume-

LOBa, T. €. CYLLECTBYET TaKoe HaTypaJibHoe Yucao 11, uto ||nf| > 1, n 0603HauHM
yepe3 ny MHHHMaJIbHOE UMCJIO 7, YAOBJETBOpsiiollee 3ToMy ycJosuio. Toraa
lnoll = n§ nns HeKOTOPOro MOMOKHTENLHOTO AefCTBHTENLHOMO YHCIA d.

3amnuiueM Npou3BoObHOE HAaTYpaJbHOE YHCJIO 11 B CHCTEME C OCHOBAHHEM my,
T.e. B BUJe

n=a0+a1no+a2n3+...+asn8,

40



rne0<a;<ng, i=0,...suas#0. Torga
Il < llaoll + llarnoll + llazngll + ... + llasngll =
= llaoll + llailln§ + llazling® + ... + llas/ng*

Tak Kak Bce WHdpbI @; CTPOro Mehblie 1, WMeeM (COMIacHO BbIGOPY fg)
lla;|| < 1. Crenosatenbho,

lnll <1 +n%+n2+. . +n*<
fo'e) .
sa —a —2a —Sa o 1!
ol +ny*+ny* 4+ ... +n, <n (2%(;6;))
1=

noTomy uto n > nj. BripaxeHue B cKkoOKax fiBJIsleTCsl KOHCTaHTOM, He 3aBHCSI-
el oT 71; 0603Ha'lHM ee C. Takum o6pasom,

In]] < Cn* pnsBeexn=1,2,...

Ecau npumennts 370 e paccyxnienue K nV

BMECTO 11, TO MNMOJIYYUM
InV|| < Ca¥* = |n|| < VCn®
3acuKcHpoBaB n W nepeiias K npefety npd N — oo, NoJyuum

)l < n*. (9.1)

-JlokaxkeM Tenepb o6parTHoe HepaBeHcTBO. CHayasa 3aMeTHM, UTO

+l>n>ns
Tak kak
ng Tt = ngt = lln gt = all < Jlall + gt = all,
nMeem
lall > o) = llng ! =l > g0 = 3+ = ),
NOoTOMY UTO

It — ll < (5" = )

’

KaK 6bl0 J10Ka3aHo Bblle. Takum 06pa3om, Tak Kak n > ny,

nll > n(s+l)a _ ﬂs+l — 1) = n(s+l)u. 1-(1= _1_ C/ (s+l)a C/na
0 0 0 0 no

I/1s1 HEKOTOPO# MOJIOKUTENbHOH KoHcTaHThl C’, He 3aBHCsILEl OT 1.
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Kak u Bbillle, TpUMeHHM 3T0 HepaBeHcTBo K n". Wsssiekast Kopenb N-ii
CTeneHH W repexos K npefeiy npu N — 0o, nosyyaem

Infl > n®. : (9.2)

W3 nepasencts (9.1) u (9.2) caenyer, uto ||n]| = n* aas seex n € N. [1pume-
Hsisl CBOMCTBO 2) M3 OMpenesieHHsi HOPMbI, Mbl BUIMM, uTO || || = |x|*. Hakoneu,
npeanoxeHne 2.6 MO3BOJISET HAM 3aK/MIOUHTD, YTO JaHHAsi HOpMa SKBHBA/IEHTHA
a6CoMIOTHON BesIHUKHE |-|.

Tenepb npenrnosoxim, uTo HopMa || - || HeapxnumenoBa, T.e. ||n|| < 1 aas Beex
HaTypaJbHbIX unces n. Tak Kak Mbl MPEANOJOKHIM, UTO HOpMa ||-|| HeTpuBH-
a/lbHa, MOXHO HaMTH UHCJIO 1, KOTOPOE SIBJISETCS MHHHMAJIbHBIM CPefl BCeX
HaTypa/bHbIX UHCeJl, YIOBIETBOPSIOIMX HepaBeHCTBY ||71|| < 1. 3amerum, uto
3TO YHCJIO 7y 0053aHO' ObITb MPOCTHIM, TaK Kak eciu Obl OHO OblIO Mpen-
CTaBMMO B BHIe Ny = ANy, TI€ N, N9 < Mg, TO BBIMOJNHSANOCH Obl PaBEHCTBO
lln1l] = llazll = 1 u noatomy mMet nosyuusu 66l ||ng]l = ||n1]}||ne]l = 1. O6osna-
YHM 3TO MPOCTOE UHCJIO M Uepe3 p.

[Tokaxem, uTo ec/ii n He mesuTcs Ha p, To ||n|| = 1. Paspeaum n Ha p ¢
octaTkoM: n=rp + s, rae 0 < s < p. I3 MMHUMAJIbHOCTH YHC/IA P BbITEKAET,
uto ||s|| = 1. Mbl umeem Takxe ||rp]| < I, Tak Kak ||p|| < 1 (no BeiGOpy p) U
IIr|l <1 (13 HeapxuMenmoBoCTH HOpMBI || - ||). CiienoBaTesbHo,

lln — sl <lsll,

¥ U3 npepnoxkenus 2.11 mbl mostyuaen, uro {|2] = ||s|| = 1. Hakonewn, mas nan-
HOTO n € Z MOXHO 3anucatbh 1 = p°n’, rae p He meaut n'. OTcioza

il = eI 1 = lipl°

Ilycts p = || p|| < 1. Toraa p = (1/p)* ANt HEKOTOPOTrO MOMOKHTEJIBHOTO A€k
CTBHTEJILHOTO uHcaa o. Takum o6pasom,

llnll = |nf5.

Tenepn sierko nokasarb (BOCMOJIb30BaBLIHCh CBOMCTBOM 2) M3 ONpeaesieHHsl
HOPMBbI), UTO TO K€ CaMO€ COOTHOLUeHHe GyHeT BLIMOJIHEHO, eC/i BMECTO n
NOJCTABHTb MPOH3BOJIbLHOE HeHyJleBoe palloHajdbHOe uHeao x. [IprmeHuB
npennoxenne 2.6, nonyunm ||-|| ~|-|,, yem 3aBepliaeTcs 10Ka3aTeNbCTBO
TeopeMmbl. O

Mpeanoxenne 9.2 (bopmyna npoussenenus). [Tycmo Q* =Q \ {0}. Toeda
0as a06020 x € Q* solnoansemcs pasencmso

H lxlp =1,

pLoo
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ede npoussedenue bepemcsa no scem npocmoim wuciam 8 N, skanouas
«NPOCMOe YUCAO HA OECKOHEUHOCMU>.

HokaszateabcTBo. [locTtaTouHo foKa3athb 3Ty GopmyJy B ciayuae, KO-
rla x fBJsieTcs HaTypaJlbHbIM UHCJIOM, JUISl OCTaJIbHBIX UHces oHa OyleT caeno-
BaTh H3 MYJIbTHILIMKATHBHOCTH HOPMbI. MTaK, myeTb x = p{' - pg?- - - py*. Torna
|xlg =1, ecnn g # pi, |x|p,=p " mnsni=1, ..., kul|x|=p] - pg>--- p*.
YTBepKeHHe A0Ka3aHo.

dTta ¢dopMysa ycTaHaBJHBaeT COOTHOLIEHHe Mexay HopMamu Ha Q. Ha-
TIpUMep, ec/i Mbl 3HaeM 3HaueHHs BCeX HOPM, KpOMe OJHOH, To 3Ta Gopmy.a
N03BOJISIET HAM BOCCTAHOBHTb 3HaU€eHHe HEH3BECTHOM HOPMbI. ITO OKa3blBaeTcsl
OUYeHb BaXKHbIM B NPUJIOKEHHSIX K ajreSpauyecKoil reOMeTpHH.

[Tpennosioxkum, 4To Mbl XOTHM HaliTH KopeHb MHorouseHa B Q. OueBuaHo,
YTO €CJIM 3TOT MHOrouseH UMeeT KOpHH B Q, To OH uMeeT KopHu B R u BO
Bcex noJsix Qp. OTcioa MOXKHO 3aKJIOUYHTb, YTO €CJIH /ISl HEKOTOPOTO P < 00
MHOTOUJIeH He HMeeT KopHed B Q,, TO 3TOT MHOroY/eH He HMeeT KOpHeil
B Q (3mecb «oo-amMueCKHX» CHOBa O3HayaeT «BelllecTBeHHbI»). O6paTHoe
yTBEpXKJeHHe TNpelcTaBJ/sieTcsi Gosee HHTEpeCHBIM, HO BepHO JH oHO? Ecau
MHOTOUYJIeH HMeeT p-afiiuyecKnie KOPHH sl BceX P, BKJIOUasi 0o, TO HMeeT JIH OH
XOTs 6bl OJIMH paLOHAJbHBIH KopeHb? BoT npocToii npumep, Koraa o6paTHoe
YTBEpXK/EHHE BEPHO.

Mpeanoxenne 9.3. Yucro x € Q asasemca ksadpamonm 8 Q moeda u
MOoAbKO moeda, Koeoa OHO Asasemcsa Ksadpamom & kaxdom nose Qp,
p < oo

HoxasarteabcTBo. s mo6oro x € Q% nmeem

x =+ H pord,,(x).

p<oo

Ecau uncno x siBasiercst kBagpatoMm B R, To oHO mosoxuTenbHo. B Q, mMox-
HO HamucaTb x = p° 4 Wy, rre u € Zy (npepnoxenne 5.2). Ecan x siBasiercs
kBajpatoM B Q,, TO MOPsOK Ord » (x) 0MKeH GbITb YETHBIM U 4 = 02 LISl HEKO-
TOPO# p-aJMueCcKoil eIMHHLb U € Zj . Ecan mMbl nepeniuem Halle HCXOAHOE
pasJioxKeHHe, TO YBHIHM, UTO X SIBJISETCS MOJMHBIM KBajapaTtoM B Q. d

JlokasaHHbIil pe3yJbTaT ecTb INpOsIBNEHHe TaK Ha3blBaeMOro NpUHYUNa
«OMm A0KAAbHO20 K 2A06aN6HOMY», KOTOPbIH YTBEPXKIAET, UTO CYLIECTBOBA-
HHe pellleHuil IHodaHToBa ypaBHeHUs B Q (r106a/bHBIX pellleHHH) MOXKeT 6bITh
YCTaHOBJIEHO MyTeM H3yYeHHs /ISl KaXKI0ro p < oo pelueHHii B Q, (10KaIbHbIX
petuennil). K coxaseHHIo, 3TOT NMPHHLMI He SIBJSETCS YHHBEPCAJIbHbIM, XOTS
OH MPUMEHHM B HEKOTOPBIX BaXKHBIX CJyuasiX, HampuMmep ISl KBaJpaTHUHbIX
(bopM OT HeCKOMIbKHX NepeMeHHbIX (Teopema MHHKoBcKoro—Xacce).
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YnpaxHenus

36. J1Ba nosist F u K Ha3biBalOTCS USOMOP@HOIMU, €CIH CYLECTBYET TaKoe
oto6paxenue ¢: F — K, uto

ola +b) = g(a) + ¢(b), o(a-b)=q¢la) - ¢(b).

1) dokaxmure, uto nosst Q, u R HensomopGHbI.

2*) JloKaxKuTe, 4To e€CJIH p # g — IBa MPOCTbIX yHcaa, To noas Q, u Q
HEH30MOP(HBI.

37. Tyets p # 2 — npoctoe uncno. O6osnaunm (QF)? = {a*:a € Q)}.
Hokaxure, uto pakroprpynna Qy /(Q;,‘)2 MMeeT MOPSIOK 4, H yKaXkuTe npef-
CTaBHTeJIsl [J1sl KaXKI0r0 CMEXHOT0 KJacca.

§ 10. Otctynaenue: uto Takoe Qg, ecau 4ucio g
He npocrtoe?

Jns Toro utofbl ellle pa3 OUEHHTb KpPacoTy p-afHuecKHX uuces, AaBaiiTe
NIOCMOTPHM, UTO TOJIYYHTCSl, €CJH BMECTO MPOCTOro YHC/a p B3STb COCTAaB-
Hoe uucsio g. UToObl BOCMONBb30BAThCS ISl ONpefeneHHsl HopMbl |-|g dop-
MyJ10i1 (4.1), Hy>XHO 60J1ee aKKypaTHO ONPeNeNHTb Ordg(X), ecii X — pauuo-
Ha/JbHoe uHca0. Ecn x € Z, 1o ordg(x) onpenensiercs, Kak v B cjydyae npo-
CTOTO YHCJa, KaK MaKCHMaJibHas CTeleHb Yyucja g, KoTopas aeauT x. Ecu xe
x =a/b, 10 onpefeenne nopsiaka ord,(x) oTaHuaeres ot cayuyas g = p. Ham
notpebyercst cienyollas Jemma.

Jlemma 10.1. Tycmo x = a/b, a, b €N, (a, b) = 1. Toeda cywecmsyom
e0UHCMBeHHOe MAKOe YeA0e HYUCAO U UL MaKkaa napa yeavx duces a’ u b’,
umo a/b = ga’/b’, gta’ u (a’, b') = (g, b')=1.

HoxasaTeabcTBo. Ecan gtau (g, b) =1, To, 04eBUAHO, MOXKHO 1O~
Jaoxutb v = 0.

Ecnu g | a, o60o3nauum uepes g® (¢ > |) makchmaJ/bHylO CTeleHb YHC-
Ja g, Koropast geaut a. [losoxum a’ =ag=™ u b’ =b, tTorna gfa’ u
(a’, b") = (g, b") = 1. Kpome Toro, umeem

a a

- gq’;,
H OCTaeTcs NMONOXKHTb v = ¢ > 0.
Teneps npeanosioxum, uto gta u (g, b) > 1. Torna b MOXKHO NpPeaCTaBUTD
B Bulle b = b by (b), by > 0), npuueM Bce MpocTbie COMHOXKHTENH UKcaa by fe-
AT g u (be, g) = 1. AHANOTMYHO g MOXXHO TPEACTaBHTb B BHIE g = g) g&o
(g1, g2 > 0), Tak uTO BCE MPOCTblE COMHOMMHTENH uucaa g Aeadr by, HO
(g2, b1) = (g2, b) = 1. CyuiecTByeT MHHHMaJ/IbHO® HaTypasbHOE YHCIO ¢ AIst
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Kotoporo by | g% u, snauut, b, | g‘ll’. Torna B npaBoit yacTH paBeHCTBa

va _ gl gt

b b by

yacTHoe gf’/bl SIBSIETCS LeJIbIM UHCIOM. TakuM 06pa3oM, ecJi MOJIOXKHTb

¢
a’=%g§’a u b= by,
1

TO MOJYYHM

’
F=g™5. gtd, @ b)=(gb)=1,
M ocTaeTcs MoJIoXKHTb v = —¢§ < 0. O

Tenepsb ecin x = a/b, 10 onpenennm ord,(x) Kak Le/oe UHCIO U H3 JeM-
mbt 10.1 1 onpenennm cooTBeTcTBylOLLYI0 HOpMY |a/b|g = g~°. OnHako 37a
HOpMa He sIBJISieTCsl MYJIbTHIVIHKATHBHOM, T. €. He YLOBJEeTBOpsieT CBOHCTBY 2)
u3 onpefenenns 2.1. Hanpumep,

=102, =10% < 102 102.

55l,=19" |50l " |55 5], = 1o00]
20110 ’ 5010 20 50110 1000 |19
Ho KoHeuno, eciii g = p sIBJISIETCS] MPOCTHIM YHCJOM, TO 3TO OMNpeleseHne
coBnagaer ¢ onpeneseHiem 4.1.
Boo6iwe rosops,
lablg < lalglblg, (10.1)

MO3TOMY 0TOGPaXKeHHe |- | ABJSETCA He HOPMOH, a TaK Ha3blBaeMo# ncesdo-
Hopmoii (cM. ynpaxuenne 38). Tem He menee, dynkums d(x, y) = |x — ylg
SIBJISIETCS METPHKOM, H MOXKHO PacCMOTpETb NomnoJiHeHue noast Q no sroil meT-
puke. B pesysibrate nonosinenus nosyuaetcs Kosblo Qg, KoTopoe, ec/iv yHc-
JIO @ COCTaBHOE, He sIBJsIETCS MosieM (CM. yripaxcHeHde 39).

Cuienytouasi Teopema NpHHaLIexXHT [eHsento.

Teopema 10.2. Ecau uucro g = p1ps... pr A8aaemcs npousgedenuen
pasaudrblx npocmolx yuces, mo koavyo Qg uzomopgro npamoi cymme
p-aduueckux nosel: Qg =Qp & ... © Qp,.

HokasaTeabcTBO. Mbl MOCTPOHM COOTBETCTBYIOLMI H30MOPGhH3M B
cayuae g = 10, p; = 2, po = 5, HO 3Ta KOHCTpYKUKs 6e3 3aTpyAHEHHI nepe-
HOCHTCS1 Ha OOLLHI cayyai.

Paccmotpum nocsienoBateibHocTh Kol palMoHa/bHBIX YHCEN OTHOCH-
TeJbHO |- |1p. OHa onpenensier 10-aauueckoe yucao

(10)

A= lim a,,
n—oo
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M u3 cyuectBoBaHus 10-afnueckoro npefesna BbiTeKaeT CyLleCTBOBaHHe 2-
aluecKoro 1 H-afuuecKoro npeiesoB, KOTOpbie Mbl 0603HAUHM
2 (5)
A9 = lim a,, As= lim a,
n—oo n—oo
cooTBeTcTBeHHO. OGpaTHO, OUYEBHMAHO, UTO H3 CYyLIECTBOBaHHMs npenesoB Ao
1 As, oueBHIHO, BbITEKaeT cyllecTBoBaHue npefena A. JIerko BUIeTh, uto und-
pb uncen Ao 1 As He 3aBHCAT OT BbiGopa nocaenoBatenbHoctd Koww {a,}, ¢
NOMOLLBIO KOTOPO#1 ONpee/sisioch Yueso A.
B uacrHocty, ans A € Q) cyllecTByeT KaHOHHUECKOE pasJloKeHHe

o0
A= byl0". (10.2)
n=—f
Yro6bl HaiiTH uudpbl ukcen Ao u As, 3anuiiem
o0 o0 o0 o0
Ag =) (0a5"2"= D 2", As= D (025" = > du2",
n=—f n=—f n=—f n=—f

rae Ko3dULHEHTH ¢, U d, COOTBETCTBYIOILIMX KAHOHHUECKHX Pa3J/IOXKeHHI! T0-
JIyyaloTcs NpHBelJeHHeM K KaHOHMuecKoMmy BuLy (TeopeMa 4.3). Mrak, umeem
A = (A9, As), 1 U3 NIPaBHJ COXKEHHS!, BBIUNTAHUSI H YMHOXKEHHS! g -aJHUeCKUX
M p-aJMuecKHX MpelesoB MOXKHO TOJYUHTb CJelylollee YTBEPXKIEHHE: eCH
B = (B, By) — npyroe 10-aanueckoe yuciio (B € Qo u Bs € Q5), Torna

A+ B=(Ay £ By, As £ Bs) u AB = (AsBy, AsBs).

O6paTHo, MycTb AaHbl TPOKU3BOJbHbIE uncaa Ag € Qo 1 As € Q5. [Nokaxewm,
UYTO CyLIeCTBYeT elMHCTBeHHOe Takoe unca1o A € Qjg, uto A = (Ag, As). Ins
Kaxzgoro p =2, 5 nycthb {aP"} — Takas nocsenoBaTeNbHOCTD palHOHAbHBIX
yKced, uTo

A, = ningoagp) 1o HOpMe |’-|,,.

Boo6ilie roBopsi, noc/e10BaTeNbHOCTD {af,”)} He 00fi3aHa CXOAHTbCS MO HOP-
Me |-|g, ecn p # g, 1 1aXke MOXKeT He GbiTb OrPaHHYEHHOI MO 3TOH HOpMe.
Yro6b1 NpeonosieTb 3Ty TPYAHOCTb, PACCMOTPHM T10C/I1€40BATENbHOCTH

(2_ 571 5_ 2”
=i O S FiE

Jlerko BuaeThb, 4To

—

, , e p=gq,
lim e” =8,, mo Hopme |-|,, rEe 8, =
L €n Pq pme |- g pq 0, ecamn p#q.
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Orcioaa BbITEKAET, UTO CYUIECTBYET TakKas 6ecKOHeuHasl MOANOC/ef0BaTeb-

wocts el” uto

(@) _
11?]’] aﬁlp)eip) — {Apa ecau p q,
n—oo n

0, ecqu p #q.
3Hauur,
(10) (10)
lim a?e® = (45,0) u lim a®e® = (0, 4s).
n—oo " n—oo n
HakoHel, 3ameuaem, uTo 1noc/ie10BaTeNbHOCTb @, = af?)eﬁf) + af,s)eﬁf’) CXOIHTCSA

YnpaxHeHus

38. [lokaxuTe, UTO €C/M YHCJO g COCTaBHOE, TO (YHKUHS |-|g ABAsETCA
TICEeBIOHOPMOI], T.€. OHa y0oBJAeTBOpsieT cBokicTBaM 1) 1 3) u3 onpenesenus 2.1,
a takxe HepaBeHcTBy (10.1).

39. Hokaxure, uto Qo He sABASIETCS NOJIEM, TIPEIBABUB AEJNUTENH HYJIs.

40*. PaccMOoTpuM clIefyIoLLyto MOC/eI0BaTeIbHOCTb HAaTypaJlbHbIX YHCeN:

6, 76, 376, 9376, 109376. ..

1) IdokaxkuTe, uTo 3Ty NOCJEOBATENIBHOCTb MOXHO MPOAOJKHUTH OIHO-
3HAYHO TaKUM 06pa3oM, 4ToObl noJyuuts 10-agnueckoe uneao a = ... 109376,
YIOBJeTBOpSIOLIee ypaBHeHUIO o’ = a.

2) IlokakuTe, 4To ypaBHeHHe X2 = x UMeeT B Zjo YeTbipe KOPHS, a UMEHHO
0,1,auB.

3) Haiinute nepbie 6 undp uncnaa f.

4) Hokaxure, uto Zjg =~ Zs & Zo (npsiMoe Npou3BelieHHe rpymnn).

41. Tokaxmure, uto Ha Q, He CylLeCTBYeT OMHoweHus nopaoka >, yao-
BJIETBOPSIIOLLIErO CJIEAYIOLHM CBOHCTBAM:

1) ecnu x >y, 10 2 + x > 2 + y A4 Mo60roO Z;

2)ecinx >0uy >0, 10 X9 >0;

3) ecnu x, > 0 W cyuiecTByeT npezen ningo X, =x,70 x > 0.
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[hasa 2

Tonoaoeus npocmpancmsa Q,,
8 cpasHeruu ¢ monoaoeued R

§ 11. OcHoBHbIE TOMOJOrHYECKHE CBOMNCTBA

[Tone p-anuueckux uuMcen BO MHOTOM [OXOXKe Ha MoJe AefCTBHTE/bHbIX
YKCeJI: OHO SIBJISIETCS HOPMUPOBAHHBIM M0JIEM, NOJIHBIM MO METPHKE, MOPOXKIAEH-
HOH p-aauueckoil HopMo#i (Teopema 3.4). U nose R, u nose Q, apasoTcs
nornoJiHeHHsIMKH TipocTpaHcTBa Q, 06a comepxkat Q B KauecTBe BCIOAY MJOT-
HOTO TMOAMHOXECTBA H M03TOMY SIBASIOTCS cenapabenbHbIMU POCTPAHCTBAMH.
[Tose R n0KanbHO KOMRAKMHO, T.€. KaXaas TOUKA COAEPXKHTCS B HEKOTO-
POl KOMIaKTHOI OKPECTHOCTH; TO XK€ CaMoe, KaK Mbl CKOPO YBHAHM, BEPHO H
11a Q, (reopema 11.9).

Craudana pacemotpum R u Q) ¢ TOUKH 3peHHs TEOPHH METPHUECKHX ITIPO-
ctpaHetB. OTKpbIThIi Wwap B(a, r) B R — 3To OTKPHITLIA HHTepBad |x — a| < r.
OTKpbIThii Wap paguyca r € RY ¢ ueHTpoM B TouKe @ € M MOXHO OMNpeleHTh
14151 1I060r0 MeTpHueckoro npoctpaHctBa (M, d) caenyowm ob6pa3om:

B(a, r) ={x € M:d(a, x) < r}.
B npoctpaHcTBe Q, OTKPHITbIMH L1apaMH ABJSIOTCS C/AeLyIOlIHe MHOXKeCTBa:
B(a,r)={x € Qp:|x —al, < r},
, TaK KaK p-ajuueckasi HopMa NpPUHUMAET JHCKPETHOE MHOXECTBO 3HAUeHHH
{0, p"; n € Z}, M0oxXHO paccMaTpHBaTh TOJNbKO LIApbl paguycoB r = p”, n € Z.

HanomHuM, uto noMHOKecTBO A MeTpHuecKoro npocrpaictsa M HasbiBa-
eTCsl OMKpobLMbLM, €CIIH 118 J1I060# Toukd x € A cywectByer wap B(a, r) C A,
cozepxKalulii x. MHoxectBo A C M Ha3blBaeTcsi 3AMKHYMbLM, €CJIH €r0 10~
nosiHenne M \ A oTKpsITO.

[Tycte G o6o3Hauaer cemeiicTBO BCeX OTKPBITHIX MOJAMHOXECTB MPOCTpaH-
cTBa M, a F 0603HauaeT ceMefCTBO BCEX 3aMKHYTbIX NOAMHOMECTB MPOCTpaH-
ctBa M. Tlo onpenenenuto KaXablii 3/eMeHT ceMeiicTBa F siBJsieTcsl IOMOJ-
HeHHeM eJMHCTBEHHOro 3/eMeHTa cemeiictBa G 1 HaoGopoT. OTKpbITHIE H 3a-
MKHYTble MHOXKeCTBa 06/1aflaloT C/e/yIOIMH CBOHCTBaMH.

Mpennoxenne 11.1. 1) Ecau C C G — npoussosvroli Habop omkpol-

metx muoxcecms, mo |J G npunadaewum G. Ecau Gy, ..., G, € G— npo-
GeC

U3BONbHOLL KOHEYHbLE HABOD OMKPBLMbLX MHONCECM8, MO ﬂ G; npunao-

i=1
aexrcum G. !



2) Ecau C C F — npou3soabHbLi HAOOP 3AMKHYMbLX MHONCECMS, MO

( F npunadasemcum F. Ecau F, ..., Fy € F — npou3eosvHoll KOHEUHbLL
FeC

n
Habop 3amkHymoix muoxcecms, mo |J F; npunadaexcum F.

Jloka3aTtesbCTBO Mbl OCTaBJsIEM '-lH’lI‘;’i‘EJ'I}O (ynpaxuenue 42).

HTak, cemelicTBO G 3aMKHYTO OTHOCHTEJIbHO NPOM3BOJIbHBIX 06beIHHEHHIH U
KOHEUHbIX MepeceyeHHil, a ceMeiicTBO JF 3aMKHYTO OTHOCHTEJbHO MPOH3BOJIb-
HbIX MepeceyeHHil U KOHeUHbIX 00benrHeHHH. CeMelACTBO G OTKPLITHIX MOA-
MHOXXECTB MeTPHUECKOro MpOCTPaHCTBa omnpepedsier monoaoceuro. [Tonstus
OKPECTHOCTH, Npejiesia, CXOAUMMOCTH, HEMPEPLIBHOCTH U T. . MOXKHO OTpele/HThb
B TePMHHAX TOMOJIOTHH 6e3 MpHBJeueHHs! METPHKH. B neficTBUTENbHOCTH NMOHS-
THe TOMOJIOTHH ABJsieTcst GoJlee OOLIMM H OCHOBBIBAE€TCS TOJIBKO Ha CBOHCTBaX
u3 npepnoxenus 11.1 (ele, KoHeuHo, npearnoJaraeTcs, YTo BCe NPOCTPAHCTBO
U TyCcTOe MHOXXECTBO OTKpBIThI). Booblile roBopsi, Tornosoriyeckie npocTpaH-
CTBa MOTYT GbITb BECbMa «IaTONOTHYECKHMH» U JOBOJIbHO CHJILHO OTJIMYAThCS
OT NMPOCTPAHCTB, B KOTOPBIX TOMOJIOTHS NOPOXKAEHA METPHKOH.

Ecnu M — TonoJioruueckoe npoctpaHctBo H X C M, To X MOXKHO npeBpa-
THTb B TOMOJIOTHYECKOE MPOCTPAHCTBO, 3a1aB Ha HeM UHOYYUPOBAHHKYIO MO-
noaoeuto, 06bABASIS TIepeceueHnsi OTKPBITBIX MOAMHOXECTB NMpocTpaHcTBa M
¢ X OTKpbITBIMH MHOXecTBaMu B X. B ciyyae MeTpHueckoro mpocTpaHCTBa
MHIYUHMPOBaHHAsl TOMOJIOTHS MOJyyaeTcsl OrpaHHueHHeM METPHKH MpPOCTpaH-
ctBa M Ha X.

BosBpailasich K p-afHueckiM yucaaM, paccMoTpuM cghepy B Qp:

S(a, ) ={x €Qp: lx —al, =r}.

Caenytolliii BaXKHbIH pe3yJ/ibTaT KaXKeTcsl YAMBHTENbHbIM.

Mpennoxenue 11.2. Coepa S(a, r) asasemcs omxpoimoim MHONMe-
cmeom 8 Qp.

HokasarteabctBo. [lycts x € S(a, r), € < r. [Tokaxem, uto B(x, €) C
C S(a, r). Myctb y € B(x, €). Torna |x — y|, <|x —al|, =r n coracko
npennoxenuio 2.11 |y — al, = [x — a|, = r, a 370 B TOUHOCTH O3HAYAET, UTO
y € S(a, r). a

ITOT (aKT KaxkeTcsl J0BOJNbHO CTPAHHbIM, Tak Kak B R" (B uacTHocTH, B R)
cdepbl, KOHEUHO, He ABASIOTCS OTKPBITHIMH MHOXKecTBamH! [laBaiiTe nmocmor-
PHM, UTO CJIEyeT W3 STOTO CTPAHHOIO CBOHCTBA.

Mpeanoxenne 11.3. Ulapo. 8 Q, asasaomca 00HOBPEMEHHO OMKPbL-
MobLMU U 3AMKHYMbIMU MHONCECMBAMU.

NokasaTenbcTBoO. B obom MeTpHueckom NMpocTpaHcTBe JI060i Lap
B(a, r) siBasieTcsi OTKPbITHIM MHOXKECTBOM, TaK Kak Ka)kiasi Touka x € B(a, r)
cozepxutes B Wwape B(a, r), KoTopblii conepxutest B B(a, r). Utobbl nokasaTb
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3aMKHyTOCTb iapa B(a, r), rokaxeMm, 4To €ro JONoJHEeHHe
C=xeQplx—alp=r}
otkpbito. Ho C = S(a, r) U D, rae
D={xeQp|x —al,>r}

MmuoxectB0 D OTKpBITO (3TO BEPHO AJIs1 JII0GOr0 METPHUECKOrO NPOCTPaHCTBA).
B camom pene, nycts y € D. Torna |y — a|, = r; > r. Mbl yTBepxaaem, uto
OTKPBITHIA wap B(y, ry — r) ueaukoM aexut B D. JleficTBUTENbHO, eCJH Obl 3TO
6GblJI0 HEBEPHO, TO Halliach Gbl Takast Touka x € B(y, ry — r) uto |x —al, <r.
Ho Torza

n=ly-ap=la-x+x—ylp<la-xlp+lx—yl,<r+n-r=n,

YTO HEBO3MOXHO. Tenepb yTBepKAEHHE CJIeyeT H3 TOTO, UTO OO beAMHEHHE IBYX
OTKPBITHIX MHOXKECTB SIBJSIETCS OTKPBITBIM. ]

HanomHuM, 4to Touka x € M Ha3biBaeTCsl ePAHUUHOL MOUKOL MHOXKECTBa
A C M, ecnvi moGoii OTKPBITHIH LIap C LLEHTPOM B TOYKE X COAEPXKHUT KaK TOUKH,
NpUHAaIeXKallHe, TaK U TOUKH, He NpHHamiexate A. MHoxecTBo A siBasieTcst
3aMKHYTBIM TOTA H TOJIbKO TOTZA, KOTa OHO COMNEPXKHT BCe CBOW IpaHUUHble
ToukH. M3 atoro onpenenenus caenyer, uto B Q, cepa S(a, r) nHe apas-
eTcCd rpaHuueii oTkpeitoro wapa B(a, r)! Boaee toro, u3 npeasoxenns 11.3
HeMe[VIeHHO cJjefyeT, uto B(a, r) He uMeeT rpanuubl BoBce! M KoHeuHo, 3a-
MKHYTbIH wap

B(a, pfl) ={x er:ix _ alp < pn}z
={x € Qpilx —al, < p"'}y = B(a, p"*') (1L1)

He sIBJIsleTCsl 3aMblKaHHeM OTKpbITOro 1wapa B(a, p™)!

Takxke u3 coornowenus (11.1) cienyer, uto Bce yTBepKIa€HHS, KOTOPbIE Mbl
JIOKa3aJli JUISl OTKPBITbIX IAPOB, BEPHbI H JUIS 3aMKHYTbIX 11apoB B Q.

Bot ewwe oaHo napamokcasnbHoe CBONCTBO wapos B Q,. XoTs 310 yTBep-
XKIeHHe Tpeasarajoch B KauecTBe YrpaxKHeHusi 12, nJisi MOJIHOTBI M3JI0XKEHHS
TIpUBE/IEM €ro J0Ka3aTeJbCTBO.

Mpennoxenne 11.4. Ecau b € B(a, r), mo B(b, r) = B(a, r), unoimu cio-
s8aMl, Kax0as MOYKQ wapa A8ALemcs eco Yermpom.

HoxasateabcTBo. [lyets x € B(b, r). [1o HalleMy npearnoJioxeHHIo

la=blp,<r, |b—xlp<r.
[TprMeHsisi CHIIbHOE HEPAaBEHCTBO TPeyroJibHKKA, NoJydyaem

la — x|, =|(a = b) + (b — x)|, <max(la — blp, b — x|p) <r,
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cnegoBatenbto, B(b, r) C B(a, r). Tak kak ycioBue b € B(a, r) 5KBUBa/leHTHO
ycioBuio a € B(b, r) (06a onu 3anucbiBatoTes B BUIE |a — b|, < r), TOUHO TaK
xe noJayyaeM B(a, r) C B(b, r), uTO OKOHUaTeJbHO NOKa3blBAeT COBMNajeHHe
3THUX ABYX LUAPOB. O
Bor emie 010 cBOHCTBO WapoB B Q.
Mpeanoxenne 11.5. [sa wapa 8 Q, umerom nenycmoe nepece4erue
moeoda u moabvKo moeoda, koe0a 00UH U3 HUX CO0epHCUMC 8 OpYeOM, M. €.

B(a, ) N B(b, s) # @ = B(a, r) C B(b, s) uau B(a, r) D B(b, s).

Hdokasateabcrtso. [Ipeanonoxum, uto r < s u y € B(a, r) N B(b, s).
Torna u3 npennoxenust 11.4 umeem B(a, r) = B(y, r) u B(b, s) = B(y, s). Ho
B(y, r) C B(y, s), oTKyna cnenyeT TpefyeMoe BKJIOUEHHE. O

Mpeanoxenne 11.6. Chepa S(a, r) asatemca 00HOBPEMEHHO OMKPbL-
Mol U 3AMKHYMbLM MHONCECMBOM.

JokasaTeabcTBOo. Mbl yxKe 3HaeM (npemsoxende 11.2), utTo MHOXe-
cTBO S(a, r) otkpeito. Kpome Toro, MHOXKecTBO B(a, r) 3aMKHYTO, H, Tak Kak
MHOXecTBO B(a, r) OTKpbITO, ero nonosHenue {x € Q,: |x — a|, > r} 3amMkHy-
10. Ho cdepa S(a, r) sBnsieTcst nepeceueHreM 3THX ABYX 3@aMKHYTbIX MHOXKECTB
¥ TMO3TOMY 3aMKHyTa. 3aMeTHM, UTO 3TO [I0Ka3aTeJbCTBO 3aMKHYTOCTH cdepbl
paGoTaeTr BO BCeX METPHUYECKHX MPOCTPAHCTBAX.

MHoXecTBO Bcex 1apoB B R HecueTHO, TaK Kak HeCUETHO MHOXKECTBO BCeX
TOJIOXKHTEJbHBIX JIefCTBUTEJBHbIX unces (Teopema KaHTopa); To e camoe Bep-
HO 1J1sl MHOXKECTBa LIEHTPOB @ M IJIsl MHOXKECTBAa pajuycoB p, MO3TOMY, TeM
6oJiee, 3TO BEpHO JJIsl MHOXKeCTBa Bcex wapoB B(a, p). OnHako st MHOXKe-
cTBa WapoB B Q, cnpaBeiIuB COBEPLIEHHO MPOTHBOMOJIOXKHbIH Pe3yJibTaT.

Mpennoxenne 11.7. Muoacecmso scex uapos 8 Q, cuemro.

Jdoka3aTesbcTBO. 3anuiueM LeHTp Wwapa B(a, p~°) B KAHOHHYECKOM

BUae
oo

a= Z a,p"

n=-—m

N

n

ag= Y a.p".
n=-—m

SlcHo, uTO aq sIBJsieTCsl PAaLMOHAJBHBIM UHCIOM H |a — ao| < p~°, T.e. ap €
€ B(a, p~*). Torna cornacHo npepioxeHuio 11.4 Mbl nosyyaem

B(aog, p~°) = B(a, p™°).

Takum 06pa3om, Kak LLEHTpBI, TaK W pafHychl 06pa3yloT CueTHble MHOXECTBA.
Curie10BaTe/IbHO, MHOXECTBO BCeX Map (ap, S) CUETHO, UTO M JOKA3bIBAET CUET-
HOCTb MHOXeCTBa Bcex LapoB B Q. O

H TMOJIOXKHM
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B o6o3HaueHusx §5 numeem

Z, =B, 1) = B(0, p)

ZX =500, 1)=(1+ pZ,) U@+ pZ,) U...U((p — 1) + pZp).

CxemaTiyHO 3TO M306paxkeHo Ha prcyHke aisi p = 5. Cdepa ZJ siBasiercs
0O'beIMHEHHEM YeTbIpeX OTKPBITHIX LIAPOB, YTO HAXOJAUTCS B MOJHOM COTIaCHH ¢
npepyioxxeHneM 11.2. LleHTpanbHblil wap npeacTaBaser co6oil MaKCHMaNbHbIN
unean b5Zs B Koabue Zs.

Onpenenenne 11.8. MHoxecTBO K B METPHYECKOM MpPOCTPAHCTBE Ha3bl-
BaeTCsl CeKBEHYUANbHO KOMNAKMHbIM, €ClIH KaXaash 6eCKOHeuHast nocae1o-
BaTe/IbHOCTb TOYEK H3 K CONEPMKHT MOANOC/EN0BATENbHOCTb, CXOISILYIOCS K
Touke U3 K.

Cornacho Teopeme leiiHe—DBopens 1S METPHYECKHX MPOCTPAHCTB 3TO
YCJIOBHE 3KBUBAJEHTHO Komnakmuocmu. (HanomMHum, uto MHOoXKecTBO K Ha-
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3bIBAETCS KOMNAKMHbIM, eClli JoBoe OTKPbITOE MOKPHITHE MHOXKecTBa K
COZIEP>KHT KOHeUHoe TIOJNOKPbITHE.)

Kak mbl yxxe Bunenu (tTeopema 4.6), npocTpaHcTBO Z ), ceKBEHLHANbHO KOM-
nakTHO. Takum 06pasom, NPOCTPaHCTBO Z, KOMMAKTHO, H COIMIACHO yrpaXKHe-
HHIO 22 oTclofla cJielyeT KOMMAkKTHOCTb JoGoro wapa B Q,. Mbl nosmyuaem
CJIeMlyIOLIHi pe3yJibTarT.

Teopema 11.9. [Ipocmparncmeo Q, 10KAN6HO KOMNAKMHO.

Bort ele 0fHO 10BOJIbHO HEOXHIAHHOE YTBEPXKIAEHHE.

Mpeanoxenne 11.10. [Tpocmparcmeo Z, noaro.

HoxasateabcTBo. Tak Kak mobasi nocjenoBarenbHocTs Koun age-
MEHTOB MPOCTPaHCTBA Z, COAEPNKHT MOANOCIEN0BATENbHOCTD, CXOAALLYIOCS K
HEKOTOPOMY 3JIeMEeHTY NPOCTPaHCTBa Zp, KOTOPbI Mbl 0603HAaUHUM a, H cama
N0CJIe0BATENbHOCTb JOMKHA CXOAMTBCS K TOMY K€ 3JIeMeHTY @, uTO U JOKa-

3bIBAET MOJIHOTY NPOCTPaHCTBA Zp. O
Teopema 11.11. Mrosecmso N naomuo 6 Z,.
HokaszateabcTso. [lyctb x =...a2a a0 € Z,. dasa kaxporo n € N
MIOJIOXKHM

n
Xp=...00a,0,_;...00 = Za;pi.
i=0

Torma x, € N |x — x| < p~", oTKyZa BbiTeKaeT TpebyeMoe yrBepxeHue. [

Onpepnenenne 11.12. Tonosornueckoe mnpocTpaHcTBO X Ha3biBaeTcsl
HeCBA3HbIM, €CJIH €r0 MOXKHO MpPEeACTaBHTb B BHe 00beNHHEHHS IBYX Herepe-
CeKaloLUXCs HeMyCThIX OTKPBITHIX MHOXKECTB. B MPOTHBHOM CJlyyae NnpocTpaH-
cTBO X Ha3bIBaeTcsi C8A3HbIM.

[TonMHoXKecTBO NMpocTpaHCcTBa X HA3LIBAETCS CB8A3HbIM, ECIIH OHO SIBJISIETCS
CBSI3HBIM MPOCTPAHCTBOM B MHAYLHPOBAHHOH TOIMOJIOTHH.

[TpocTpaHeTBO X Ha3blBaeTcst BNOAHE HECBA3HbIM, €CIIH BCe €ro CBSI3HbIE
MOJMHOXKECTBA HCUEPIIbIBAIOTCS MYCTbIM MHOXKECTBOM H OJHOTOYEUHBIMH MHO-
xectBamu {a} (a € X).

IMpumep 11.13. Jlio60ii uHTepBan B R cBsi3eH, T.€. He MOXKeET ObITb Npe-
CTaBJleH B BHe O0ObefMHEHHS ABYX HEIMyCThIX HelepeceKalolHXcsi OTKPbITO-
3aMKHYTbIX MHOXKECTB.

Teopema 11.14. [Ipocmpancmso Q, snoaxe Hecgsa3Ho.

HoxkasaTeabcTso. [lna kaxaoro a € Q, u n € N MHOXKecTBO

Un@) ={x €Qpilx —a|l, < pT"}={x € Qpilx —a|, < p~"thy

SIBJISIETCS OTKPLITON H 3aMKHYTOl OKPECTHOCTbI0 ToUKH a. [lycth a € A, npruem
A # {a}. Torna cyuectyer Takoe n € N, uto U,(a) N A # A. Takum o6pasom,

A= (Un(a) NA) U (Qp \ Un(a) N A),
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rie MHoxectBO Uy(a) u ero ponosxenne Qp \ U,(a) OTKPBITBI M HemycThbl;
OTCIOfIa C/leflyeT, YTO A He MOXKeT ObITb CBSI3HBIM. a

Bepuemcst k mysbTunankatushoit rpynne Qp nosst Q,. Mol yxe Buaenu
(ynpaxcHeHue 37), uTO ecqii p # 2, TO (baKToprpynna Q5 /(Q} )2 MeeT NopsAAOK
4 v usomopdua rpynne Z/2Z & Z/2Z. Ons p = 2 daxroprpynna Q5 /(Qy)?
usoMopoHa rpynne Z/2Z & Z/2Z & Z/27 & Z/2Z, npuyeM B KauecTBe MHO-
)KeCTBa NpelCTaBHTeNel MOXKHO B3aTb {+1, +5, +£2, +10}.

Teopema 11:15. [lodepynna ((Q;,‘)2 epynnot QF a844emcs OMKpoLMbLM
nodmnomxcecmson 8 Qy.

HokasaTteabcTBo. Hanomuum, uto p-anuueckoe uncao x # 0 sBas-
eTcsl KBaApaToM TOTAA H TOJIbKO TOTJIa, KOTAa X = p2"u? 15 HeKoTopbIX 1 € Z
HueZy. Myt x € (Q;‘)2 H y € Q, BbIGpaHBI TaK, uTo |X — Y|, < p~
Torna no cBoiicTBY paBHOGEAPEHHOrO TpeyroJbHHKa (CM. npepnoxerue 2.11)
numeem |y|, = |x|, = p~2", u, 3Hauut, y = p>"v ans Hekotoporo v € Z . Otcio-
la nosyuaem |y — x|, = 2"[0 —u?|, < p~2", cnenosatensho, |v — u?| < 1.
[Mocsientee HepaBeHCTBO 03HaqaeT, yTO rnepBble UM(PbI STHX ABYX p-ajuue-
CKHX enuHuL coBnanawT. Ho Torna u3 semmbl [eHsenst caenyer, 4To v Takxke
SIB/ISIETCS! KBAaPaToM B Zp, W nostomy y € (Q} )2. O

YnpaxHeHus

42. [okaxuTe npennoxenue 11.1.

§ 12. KaHTopoBO MHOXKeCTBO

StoT naparpad NocesiilleH B 0CHOBHOM BONPOCaM BeLEeCTBEHHOrO aHaJsIM3a.
[Tosoxkum

3 3’

o= o B Yo B

MtuoxectBo C, siBnsiercss oGbenrHeHeM 2" O0TPe3KOB, KaXaAblit U3 KOTOPbIX
umeeT ainHy 37", Kpome Toro, umetot Mecto BrJioueHnss Cop O C; D Co D ...
Bce MHoxecTBa C,, 3aMKHYTbI, T03TOMY MHOXECTBO

(&)
C=()C#®
n=0
SIBJISIETCS1 3aMKHYTbIM MOAMHOXKECTBOM eJHHHYHOro oTpe3ka /.
PaccmoTpum npescraBiieHde efCTBUTENbHBIX yhcea W3 oTpeska [ = [0, 1]
B BHjJe GECKOHeUHbIX Apobeii 110 OCHOBaHHIO 3. 3ameTHM, 4TO KOHLIEBble TOUKH
OTPE€3KOB, H3 KOTOPbIX COCTOUT C,,, UMEIOT [Ba TaKUX Pa3J/ioXKeHHs, HalpuMmep,

% —0,02=0012222. .. % —0,1 =0,022222. ..

Co=1=10,1],Ci = [0, 1] U [g 1),
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NpHYEM OHO H3 HHX He COIepKHT LHdpy |. Boi6paB pasnoxeHus KOHUEBbIX
TOUEK TaKUM 06pa30M, YTOGbl OHK He COMepMKalli eMHHL, 3aMeyaeM, YTO pa3-
noxeHHe Mo60i Toukh U3 C B TPOHUHYI0 APoOGb COHEPHKHT TOMbKO LKbpbl O
H 2, IOTOMY YTO OCTaJsbHble TOUKH 13 C packKiagbiBalTCs B TPOHUHYIO APOCb
€IHHCTBEHHBbIM 06pa30M, IPHUYEM T10 MOCTPOEHHIO HX PA3JIOKEHHS He COAepXKaT
eIHHMULL

O6partHo, Kaxaast TouKa u3 /, pasnoxxeHue KOTOPO# COAEPIKUT TOJBKO HYJIH
W ABOHKH, NPHHALIEKHT TepeceueHio Bcex MHOxecTB Cp: ec/i nepBast Lud-
pa — HyJIb, TO TOYKa MpHHaAnexuT otpe3ky [0, 0,02222...], ecan xe nepsas
undpa — ABOFKa, TO TOuKa NMpHHaaexuT otpesky [0,2, 0,2222...], TouHo Tak
e BTOpas UHdpa onpeensieT, KAKOMy OTpe3Ky (J€BOMY HJIH NIPaBOMY) H3 MHO-
xecTBa Co NMPHHAIVIEXKHT Halla TOYKA H T. L.

CyMMupys cka3aHHOe Bbillle, M0JlyyaeM CJIENyIOLIHi pe3yJbTar

Ipennoxenue 12.1. Tpouurnoe xkanmoposo muoxecmso C cocmoum
u3 gcex mouex ompeska I, komopoie moeym boimo npedcmasgaens. 8 sude
mpou4roii Opobu ¢ nomowero yugdp 0 u 2.

JloKa3aTenbeTBO CJEMYIOLIEro yTBEPKAEHHS HIUIIOCTPHPYET OUeHb BaXKHbII
METOJ B 3JIeMeHTapHO TeOpHH GeCKOHEUHbIX MHOXECTB, TaK Ha3blBaeMblii AHa-
roHasbHbIN Mpotece Kantopa.

Mpennoxenne 12.2. Kanmoposo muosxcmso C HecuemHo.

JokasaTenbcTBO. DTO clelyeT M3 KAHTOPOBCKOrO JAHArOHaJIbHOTO
npouecca. [TycTs MHOXecTBO C CUETHO, TOTIa 3aHyMepyeM €ro TOYKH M pas-
JIOXKHM HX B TPOHUHYIO APOOb:

x;=0ana2..., x2=0aza9...,

Paccmotpum Touky ¢ = 0,c1co ..., KOTOpasi CTPOUTCS CJIEAylolMM 06pa3oM:
¢y =140, 2} \ a1, co = {0, 2} \ age u 1. 1. Toraa no npennoxenuto 12.1 ¢ npu-
HaIeXKUT MHOXKecTBY C, HO He CcOBMajgaeT HU C OHOM TOUKO# (x|, Xo, ...) H3
HaIlero crucKa. MTak, Mbl NOJlyUHJIH NIPOTHBOPEUHE. a

3ameuanne 12.3. B Haweil uTepauHOHHON TpoleLype MOCTPOEHHS MHO-
)KectBa C Ha KaXAOM Llare Mbl BBIKMABIBAEM CPENHIO TPeTb W3 Ka)IOro
ocratolerocst otpeska. I1o 31oit npuunte C 4acTo Ha3bIBAIOT TPOHUHBIM KaHTO-
POBBIM MHOXKECTBOM. DTy KOHCTPYKLHIO MOXKHO MOAH(HUHPOBaTh, BhIOpachl-
Bas, CKaXKeM, OJIHY UETBEPTYIO, WM OfHY HECATYIO, HJH ellle KaKyl-TO 4acTb
ocTatoluxcsi 0Tpe3koB. TakuM 06pa3oM MOXHO TMOCTPOUTb MHOXECTBa C H0-
BOJIbHO TMapaloKcalbHbIMH CBOACTBAMH, CM. yripaxdHeHHe DI.

Onpenenenne 12.4. MHOXeCTBO Ha3bIBAaETCSl COBEPULEHHbIM, €CJH OHO
3aMKHYTO H He COepXKHT H30JIHPOBAHHBIX TOUEK.

Mpennoxenue 12.5. Kanmoposo muoxecmso C cosepuienHO.
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Hokasateabcto. [lyctb x € C 1 S — NpoU3BOJBHBIA HHTEPBAJ, CO-
oo

nepxaunii x. Tak Kak x € [) C,, Mbl nosmydaem, uto x € C,. [lycts [, —
n=0
OTpPe30K, BXOAAWHH B C,;, KOTOPbIi COAEPKHUT X. J1151 10CTATOUHO GOJIBLIOTO 7

umeeM [, C S. TlycTb X, — KOHlleBasi TouKa oTpeska /,, npuueMm x, # x. 1o
noctpoenuio MHoxKecTBa C Mbl iMeeM x, € C u x, € S. Takum o6pasom, mo6o#
MHTepBas S, collepKalliMil TOUKY X, COAEPXKHUT H ApyrHe Touku u3 C, nostomy
MHOXecTBO C COBEpIIEHHO. a

Jlanee Mbl yBHIHM, YTO KAHTOPOBO MHOXKECTBO SIBJISIETCSl F€OMETPHUECKOH
MOJeJIbI0 MHOXECTBA LeJIbIX p-afHuecKHX uydces sl JIo6oro npocToro yuc-
Jaa p. Ho cHayana HanoMHHM HeKOTOpble OrnpefieneHts, CBSI3aHHble C Hernpe-
PBIBHBIMU OTOGPaXKEHHSIMH METPHYECKHX NPOCTPAHCTB.

Onpepenenne 12.6. Ilycts (X, d) u (Y, p) — ABa METpHUECKHX NPOCTPaH-
ctea. Torna oro6paxenue f: X — Y HasbiBaercs

1) HenpepolBHbIM, €CIN IS KAXKIOTO OTKPHITOro moaMHoxectBa V C Y
ero npoo6pas f~!(V) aBasieTcs OTKPLITHIM MHOXKECTBOM B X;

2) omkpotmelm, ecan 4asi I060r0 OTKpbITOro MHoxecTBa U C X ero o6pas
f(U) otkpbiT B Y

3) eomeomopdhu3mom, ecau OHO HeNpepbiBHO H GUEKTHBHO, MpHYeM 006-
paTHoe oTOOpaXKeHHe TaKXKe HeNpepbIBHO;

4) HenpepolBHbIM 8 MOUKe X, eCili AJIsl 06Ok OKpecTHOCTH A Touku f(x)
B Y ee npoo6pas [~!(A) conepHT OKPeCTHOCTb TOUKH X,

5) pasHomepHO Henpepol8HbIM, e AIst Kaxaoro € > 0 cyuiecTByer Ta-
Kkoe & > 0, uto p(f(x1), f(x2)) < e, ecan d(xy, x2) <8.

Teopema 12.7. Mnoxcecmgo yeavix 2-aduueckux uucea Zs eomeo-
mopgHo kanmoposy mHoxcecmsy C.

HokasarteanbcTBo. PaccMoTpum 0T06pa>KeHue $:Zo — C,

Z a,2’ ;ill
i=0
ITokaxewm, uto ¢ sBAsIeTCS l‘OMeOMOp(bHSMOM. CHayaJia 3aMeTHM, YTO U3 elHH-
CTBEHHOCTH MpeACTaBJIEHHII 37IEMEHTOB MHOXKeCTB Zg W C BbiTeKaeT OHEKTHB-
HOCTb OTOGpaXKeHHs .

Ecau |x; — xo| < 1/3N, 10 uncna x| ¥ xo npuHamiexat omgHOMY H TOMy
e WJH COCe[lHUM OTpe3KaM, KOTopble 06pasyioTcsl NpH pa3bHeHnH oTpeska |
Ha 3V paBHbIx uacreii. Ho Tak Kak oTpesku, o6pasyouire Cy, He HMEIOT OGLIHX
KOHLIOB, YHCJIA X| H X JIEXKAT B OJHOH U TOH e KoMmroHeHTe [y MHOXecTBa Cy,
1 NMo3ToMy Kx nepsble N uucbp coBnagaior.

O6patHo, ecaiv nepeble N Wb p unces x;, xo € C COBMNALAIOT, TO 3TH UKCaa
JieXKaT B OIHOKN M TOH >Ke KoMrnoHeHTe [y MHOxecTBa Cy. C Apyroii CTOpOHBI,
nepsble N wudp 2-afuuecKux YHCes ¥ U Yo COBMALAIOT TOTAA U TOJIBKO TOTAA,
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Koraa |y — yeola < 1/2V. M3 toro, uto 1/2V n 1/3V ctpemsares k 0 npu N — oo,
crienyet, uto otTo6paxkenns ¢ u ¢! HenpepbIBHBI. a

Caencreue 12.8. Kanmoposo mnoxcecmso C 8noine Hec8A3HO.

HokasartenbctBo. M3 npennoxenns 11.14 caenyer, uto npocTpan-
CTBO Zgo BNOJHe HecBsi3HO. [losToMy mo Teopeme 12.7 3T0 Ke BepHO H
s C. O

Onpepnenenne 12.9. [TogmHoxecTBo A C X HasbiBaeTcst 8C/00Y NAOMHbLM
B X, ecaiu ero 3ambikanme A cosnanaer ¢ X. ﬂoumgomecmo A C X unasniBaetcst
Huede He naomnbim B X, ecii MHOXecTBO X \ A Bciofly MmJoTHO B X.

M3 cnenctBusi 12.8 BbiTeKaeT, UTo KAHTOPOBO MHOXKECTBO HE COJEPKHT HH-
KaKoro MHTepBaJa (A5 3aMKHYTOTO MHOXECTBAa 3TO KBHBAJIEHTHO CBOHCTBY
ObITb HUTZE HE MJIOTHBIM).

Teneps pacecmotpum Z,. CyluecTByeT MHOXKECTBO THIIa KAHTOPOBCKOTO, F0-
MeoMOpPHOe MHOXeCTBY Z,: 3TO MHOXECTBO BCeX JelCTBUTE/bHbIX YHCe H3
otpeska [ = [0, 1], pasnoxeHHss KOTOpbIX MO OCHOBaHHIO 2p — | comepxaT
TONIbKO YeTHble UMMPbi. ITO MHOMECTBO CTPOUTCSI MPH MOMOLLH MPOLENYpbI,
KOTOpast oXoxa Ha NpoLeaypy NOCTPOeH sl TPOHUHOTO KAHTOPOBA MHOXKECTBA.
Urobel noayuutb Cy, pasneinm / Ha 2p — | paBHbIX yacTell M yoajuM Kax-
Iblii BTOpPO# MHTepBaJl. JIerko BUAeTb, UT0 C) CONEPXKHT Te H TOJILKO Te TOUKH
u3 /, KoTopble MOryT GbITb 3alHcaHbl B BuAe ApoGu Mo ocHoBaHHio 2p — |
0,a)as..., npuuem a; yetHo. [ToBTOpsisi Ty XKe caMylo MPOLENypy MIsl KaxI0ro
13 OTPe3KOB, cocTapJsitouikx C|, Mbl MOJYYHM 3aMKHYTOe MHOXeCTBO Co, KO-
TOpPOE COCTOWT W3 TOUEK C YETHBIMH [IBYMsl TepBbIMH LUMdpaMu a; U Az, H TaK

o
nanee. [Tepeceuenne CP = (] C, sIBJIsS€TCS MHOXKECTBOM THIA KAHTOPOBCKOTO,

n=0
KOTOPO€ HECUETHO W COBEPLLUEHHO. OTO6pa)KEHHe

o0 o0
Z a;p' L Z Q_QaW
i=0 i=0 ( p- )

U3 Zp-B C? siBasieTcst FOMeOMOP(H3MOM, YTO MOXKHO J0Ka3aTh MPHMEPHO Tak
Xe, Kak H Teopemy 12.7. MHOXecTBO Zs cXeMaTHYHO M306paXkeHo Ha c. 52.

Bosee Toro, npoctpancTtBa Zg ¥ Z, 1S 11060T0 NPOCTOrO YHCJAA P FOMeo-
MopcHbl. UToOBI 3TO 10Ka3aTb, AOCTATOUHO MOCTPOHTb TOMEOMOP(H3M MEXK Iy
IBYMsi KaHTOPOBbIMH MHo>ecTBaMH C? 1 C. Ho, Kak yacto GbiBaeT B MaTeMa-
THKe, 06001L1eHHs ealoT 3afauy npoiue. [To3ToMy Mbl 1oKaxeM 6oJiee 0L
¢akr (teopemy 12.12), a nnist 3TOro Ham noHagoGsTCS ABE JEMMBI.

Jlemma 12.10. [Tycme A C R — omkpeimoe mroxcecmso. Toeda A as-
asiemca obveduHeruem He 6onee Hem CHemHOL COBOKYNHOCMU NONAPHO
Henepecekanujuxcs uHLmepeanos.

HoxasaTteabcTBso. Kak cnenyer u3 [9], Teopema 2.47, cBSI3HBIMH KOM-
TIOHEHTaMK MHOXKecTBa A SBJISIOTCS MHTepBasbl. 3aTeM, KaK 3TO 4acTo jefa-
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€TCsl B aHaJIn3e, Mbl BOCIOJIb3yeMCs! TeM, UTO MHOXKecTBO Q Bciofty niioTHO B RR:
KaxJasi CBsi3Hasl KOMIIOHEHTa MHOXecTBa A COAEP>KHT pPalHOHANbHYIO TOYKY,
H, TaK KaK MHOXXECTBO pallMOHANbHBIX YHCEJ CUETHO H KOMIIOHEHTbl MHOXe-
cTBa A He NepeceKaloTCsi, MHOXECTBO CBSI3HBIX KOMIMOHEHT MHOXXecTBa A He
6oJiee yeM CueTHO. O

Jlemma 12.11. [1ycmeo f: A — B — monomonHoe 83aumrno 00HO3HAUHOE
ombpaxcenue 08yx 3amkHymolx noomnoxcecms R. Toeda f— eomeomop-
Gusn.

IlokaszaTeJ bcTBO. 3aMeTHM, uTo [~ TakxKe sBJIsieTcs GHeKLHel:, Mo-
5TOMY JAOCTaTOUYHO J0Ka3aTb HENpPEepbIBHOCTb MOHOTOHHOH GHEKUHH (KoTopast
o6s3aTesbHO GyleT cTporo MoHOTOHHOH). [lycTb ¢ € A — npenenbHasi Touka
mHoxectBa A. Tak Kak A 3aMKHYTO, CYLIECTBYeT Takasi MOHOTOHHasl rnocJe-
JOBaTe/bHOCTb ToueK U3 A (ee 6e3 MoTepH OOLIHOCTH MOXKHO CYUHTaTh CTPO-
ro Bo3pacraiolileii), uTo ”lirglo xn = x. Torma {f(x,)} — cTporo Bo3pacrarouias

-

1nocJ/1el0BaTeNbHOCTb TOUEK M3 MHOXKecTBa B Takasi, uto f(x,) < x. Tak Kak
MHOXKecTBO B 3amkuyto lim f(x,) =L € B, f(x,) < L u, 3nauur, L < f(x).
n—o0

Ecan npennosoxuts, uto L < f(x), To nogyuntes, yto f~!(L) < x, 1 3Hauut

HaHJeTCS TaKoe X, W3 Hallleil NOCAeI0BaTeNbHOCTH, At KoToporo f(x,) > L.

A 5T0 NPOTHBOPEUHT MOKA3aHHOMY Bbillle. 3HAUHT, nlim f(xn) = f(x). O
—00

Teopema 12.12. JIio60oe komnaxmuoe cogepuiernoe 8noARe HeC8A3HOE
nodmuoxmecmso A C R eomeomopgpro kanmoposy mroxecmsy C.

HokaszaTenbcTso. F13 KoMnakTHocTH MHOXKecTBa A cJleflyeT ero orpa-
HHUEHHOCTb; U3 TOTO, UTO A BMOJIHC HECBS3HO, MOXKHO 3aKJIOUHTh, 4TO A HUrIe
He MJIOTHO (M TMO3TOMY He COJEpPXKHT HHKakoro MHTepBafa). [lycts m = infA
(Tounast HHXKHSAS TpaHb) H M = sup A (TouHast BepXHsisi rpaHb). Mbl MOCTPOUM
Takoe CTPOro MOHOTOHHoe oTobpaxeHue F:[m, M] — [0, 1], uto F(A) = C.
MtuoxectBo [m, M] \ A siBnsieTcsi o6berHeHneM He GoJiee 4eM CUETHOH Co-
BOKYIHOCTH TMOMApHO HelepeceKaloUMXCcsl HHTEPBAJIOB, HE HMEIOIMX OOLIHX
KOHLIOB. DTO MHOXECTBO MHTEPBAJOB He MOXET GbiTb KOHEUHbIM, TaK Kak A
Hurge He niaotHo. O603HaUYMM 3TO CUETHOE MHOXKECTBO MHTepBaJoB uepes I.

Ceifiuac Mbl NOCTPOUM GHEKLHIO MEXIY MHOXECTBOM Z M MHOXE€CTBOM HH-
TEpPBaJIOB, KOTOpble 00pasyloT AOMOJMHeHHe KaHTopoBa MHoxectBa C 10 OT-
peska [0, 1]. BosbMeM OfMH U3 HHTEPBAJIOB, HMEIOLHX MAKCHMAJIbHYIO JJIHHY
(MX yKcsI0 KOHeuHo); o603HaunM ero yepes /. Onpenennm F Ha uHTepBade /|
Kak Bo3pacTaiollee JiHHeliHOe oToOpaXkeHHe, 06pa3 KOTOPOro eCTb WHTepBaJl
(1/3, 2/3). PaccmoTpum HuTepBadbl [g) 1 log, MMelolLME MaKCHMaJIbHbIE LMHHBI
W pacrnoJioXKeHHble COOTBETCTBEHHO CJieBa W cripaBa oT HHTepBana /. OTo6-
pasMM HX JMHeiiHo Ha uHTepBasbl (1/9, 2/9) u (7/9, 8/9) cooTBeTcTBeHHO
u T. 4. [IpomonxKas 3Ty npouenypy, Mbl NOJYYHM CTPOrO MOHOTOHHOE B3aHMHO
oaHosHauHoe oTobpaxenue [m, M]\ A — [0, 1]\ C. Uto6sl B 3TOM y6eauTh-
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51, 3aMeTHM, UTO MaKCHMaJlbHble JJHHbl HHTEPBAJIOB, BbIOHPAeMbIX Ha KaXK10M
iare, y6bIBaIOT, H, TaK KaK I Kaxjporo uurepsana [ C [m, M]\ A cyiue-
CTBYeT TOJIbKO KOHEUHOe KOJIMuecTBO WHTepBasoB B [m, M] \ A, anuHbl Ko-
TOPBIX MPeBOCXOAAT |/|, paHO WJHM MO3AHO Mbl HOHAEM M0 JIOGOr0 HHTepBaJa
u3 Z. VMtak, Mbl NOCTPOHIH OHEKLHIO MEXAy MHOXKECTBOM HHTepBasioB I B
[m, M]\ A n mHoxecTBOM Hx o6pa3oB B [0, 1] \ C npu oroGpaxenun F,
TpHYeM 3Ta GHEKLMS COXPAHSIET MOPSLOK CJENOBaHHsSI HHTEPBAJIOB, T. €. HHTep-
Basl A pacroJioxkeH JieBee HHTepBaJa B Toraa W TOJbKO TOTAa, KOTAA HHTep-
Ban F(A) pacrnoJioxken seBee HHTepBana F(B). Takum ob6pasom, oTob6parkeHHe
Fi[m, M|\ A — [0, 1]\ C B3aumHO 0aHO3HauHO. DTO OTOGpaXKeHHe Mo Mo-
CTPOEHHIO CTPOro MOHOTOHHO Ha KaXK/IoM HHTepBaJe U3 Z, H ec/li TOUKH X U y
(x < y) npuHannexat pa3HblM HHTepBaJaM, To F(x) < F(y), Tak Kak oTobpaxke-
HHe F coxpaHsieT MOPsIIOK calefoBaHKst HHTepBanoB. OTo6paxkeHHe F MOXHO
TIPOAOJIKHTD 110 HETPEPLIBHOCTH Ha MHOXKECTBO £ KOHLIEBBIX TOUEK BBIKHHYTBIX
uHTepBanoB. [losyuuBiueecst oToOpaxkeHne cHoa GyneT Bo3pacraioiwum. s
KaXKIo# TOUKH a € A pacCMOTPHM MHOXKECTBO

Lo={x €eEx <a}

u nonoxuMm F(a) = sup{f(x); x € L,}. Tak kak a =sup(L,) ¥ yukuus F
MOHOTOHHO Bo3pactaet Ha ([m, M] \ A) U E, otoGpaxeHne F nponosxaercs
Ha Becb OTpe30K [m, M] no MOHOTOHHO Bo3pacTatouleil GyHKUHH. OrpaHuyn-
Basi F Ha A u npumeHsisi Jemmy 12.11, nosnyuaem TpeGyembliii romeoMopduam
mexay A u C. O

Caencteue 12.13. [Ipocmpancmea Zg u Z, 20meomop@pHot.

BoT euie omHo 3ameuate/sibHOe MpHMeHEHHe pe3yJIbTaTOB, H3JI0XKEHHBIX
BbLLIE.

Teopema 12.14. Cywecmesyem nenpepeishoe omobpascerue eOuHuu-
Hoeo ompeska | na edunuunolii keadpam I2.

JlokaszaTenabcTBo' . Paccmorpum otoGpakenue f: C — C2, onucanHoe
B ynpaxkHeHuH 47. 1o oToOpaxceHHe siBAsieTCsl roMeoMophH3MOM, C/leloBa-
TeNbHO, OHO HenpepbiBHO. [lycth g: C — | — KoMnosuuus romeomopdusma
mexxpy C u Zgo 1 otoGpakeHus, onvcaHHoro B ynpaxseHnn 45. Oto6-
paxceHHe g TakXe HernpepbiBHO. [lekapToB KBaiapaT 3TOro oToOpakeHus
g x g: C? = |2 gpasieTcs HeNpepbIBHBIM CIOPLEKTHBHBIM oTo6paxenHeM. Toraa
Mbl I0JTyuaeM HernpepbiBHOe oToBpaxenie (g x g) o f: C — I? KaHTopoBa MHO-
xectBa C Ha enuHHunblil KBaapaT /2. Tak kak C C /, 370 0ToGpaXkeHHe MOXKHO
TNPOAOJDKHTB 1O JIMHEHHOCTH Ha HHTEpPBaJIbl, KOTOpPble COCTABJISIOT JOMONHEHHe
muoxectBa C. [Tosyuennoe oToGpaenne otpeska / Ha ksaapat /2 sBasetcs
HCKOMbBIM. O

137a koncTpykums npunagiexut A. Lnuasnuny.
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[ToctpoenHoe oToGpaxeHue sB/seTCS Pa3HOBHAHOCTBIO TaK Ha3blBaeMOH
kpusoti [Teano, koTopast 06bIYHO CTPOHTCSA MyTeM HTEPALMH.

YnpaxHeHus

43. JlokaxkuTe, uTo 0TOOpaxKeHHe HeNpepbIBHO TOT/A H TOJILKO TOrAa, Kora
OHO HENpEpbIBHO B KaXI0H TouKe.

44, JloxaxHTe, 4TO HempepbiBHbIK 06pa3 CBSI3HOTO MHOXKECTBA CBAI3EH.

45. Paccmotpum oTobpaxkenue ¢: Q, — R, KoTopoe conocTas/isieT KaXa0-
My p-aMyeCcKOMy YHCJly JefiCTBHTE/IbHOE YHCJIO, 3aMHCaHHOE 110 OCHOBAHHIO p,
cJieyounum o6pasom:

s babibob_ib_g. . b_p o by b_ob_y,bobibs. ..

1) IlokaxkuTe, uto ¢ sIBJsETCS HeNpepbiBHbIM oTOOpaXkenHeM QQ, Ha MHO-
xKecTBO Ry Bcex HeoTpHUATENbHBIX AEHCTBHTE/bHbBIX UHCE.

2) [lokaxute, uto ¢ oToGpaxkaer Z, Ha orpesok [0, 1].

3) [lokaxute, uto oTOGpaXKeHHe ¢ He B3aHMHO 0JHO3HAUHO.

46. PaccMoTpm otobpaxenne f: [ — I2 equunuHOro 0TpesKa / Ha eIuHHY-
Hblil KBagpar /2 = | x [, onpelesienHoe cJelylouum o6pasoM:

(0,x1x9x3x4...) — (O,x1x3%5..., 0,X0x4x5...)

(uTo6bl onpenesHTb 3TO OTOOpaXKeHHe KOPPEKTHO, Mbl 3arlpeliaeM «XBOCT»,
COCTOSILUMI H3 OJHHX IeBATOK). [loKaxHTe, UTo 3T0 OTOGpaXKeHHe He SIBJSIETCS]
HerpepbIBHbIM.

47. PaccmoTpim oTobpaxenue [: C — C? kanTopoBa MHOxecTBa C Ha ero
JIeKapTOB KBaJpart, onpeje/eHHOe CJelyoLHM 06pa3om:

(O,x;x2x3x4 .. ) — (O,x1x3x5 ceey 0,x2x4xﬁ Ce )

Hokaxmure, uto f — romeoMopduam.

48. Tlyctb maHbl ABa CUETHBIX BCIOAY IJIOTHBIX MoaMHOXecTBa A v B eau-
nuuHoro untepBana (0, 1). ITocTpoiiTe MOHOTOHHO BO3pacTaioliee 0TOGpaxKe-
nue ¢: (0, 1) — (0, 1), nepeBonsiee A B B. BuiBenute oTciona, uTo NOAMHO-
xKectBa A U B romeomopeHbl.

49* Ilyetb A=QnN [0, 1] u B=Q N (0, ). Jokaxute, uto A u B ro-
MeOMOPHBI.

50*. CyluecTByeT JIH HelycToe COBepLIEHHOE MOAMHOXKECTBO B R, KoTopoe
He COJEPXKHT palMOHaJIbHBIX yKces?

51%*. MoauduuupyiiTe KOHCTPYKLIHIO KAHTOPOBa MHOXKecTBa C TaKHM 06pa-
30M, YTOObI MOJIYYHTb MHOXKECTBO MOJOXKHTEIbHOIH Mepbl, FoMeoMophHOe MHO-
xecTBy C, T.e. Takoe NMOAMHOXecTBO oTpeska [0, 1] THNa KaHTOpoBa MHOXe-
CTBa, YTOObI CyMMa JJIMH HHTEpBAJIOB ero JOTOJHEHHs Oblla CTPOro MeHblue 1.
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[hasa 3

Mamemamuueckuil anaius 8 Q,

§ 13. lMocaenoBaTeqbHOCTH U PSAIBI

B sToM naparpade Mbl pacCMOTpHM OCHOBHbIE CBOICTBA, CBSI3aHHblE CO
CXOJMMOCTbIO Moc/iefloBaTe IbHOCTel H psfoB B Q,. Mbl yKe 0TMeua/n OCHOB-
HOH pesysibTaT: Q, sIB/ISETCA MONHBIM METPHUECKHM MPOCTPAHCTBOM, MOITO-
My Ji06ast nocaenoBarenbHoctb Kown cxoaures. [locnenosatenbioctd Kourn
MOXKHO 0XapaKTepH30BaTh CJENYIOIUM 06Pa30oM.

Teopema 13.1. [locaedosamervnocmo {a,} daemenmos npocmpat-
cmsea Q, asasemcs nocaedosamesvrHocmoro Koww u, makum obpasom,
cxodumces moada u moavko mozoa, Koeda

lim |ay41 — anl|p, = 0. 13.1
n_)oo| n+1 n|p ( )
HokaszarteabctBo. Ecan {a,} — nocnenoarensHocts Koun, To

mIi—er lam — anlp =0.

n—oo
B uacTHocTH, ecqn nonoxuth m = n + 1, To noayuum (13.1). D1o BepHo A4
nocJiefioparesibHocTell Kotin B 1060M MeTpHUeCKOM NPOCTPaHCTBe.

O6patHoe yTBepkzeHHe B R, koHeuHo, HeBepHO (npuBeaute npumep). On-

HaKo B YJIbTPAaMeTPHUECKHX MPOCTPaHCTBaX OHO BepHo. B camom pese, nmycTb
BbINOJIHEHO ycsioBHe (13.1). Dto o3Hauaer, uto ans saoboro € > 0 cyuiecTByer
Takoe HaTypasbHoe unco N, uTo 4as Jo6oro n > N BBINOJHAETCS HepaBeH-
CTBO

|@nt1 — anlp <e.

BoabmeMm sio6ble m > n > N 1, NpUMeHSAS K BLIPAXEHHIO |@py — Ap|, CHIIBHOE
HepaBeHCTBO TPEYroJibHHKA, MOJy4HM

]am - an[p = iam —Qam—1 +am—) —am-—2+ ... — anlp <
< max(lam - am—llp, ]am—l - am—2|pv Sy {an+1 - anlp) <g,

4TO H Tpe6oBaNOCh J0Ka3aTh. O



o0
Tenepb pacecMorpuM psig y a; B Q,. Bynem ropoputh, uto psin cxodumecs,

i=1
n
€CJIH T0CJIe[I0BATENILHOCTb €ro YacTHUHBIX CYMM S, = > a; cxoautesi B Qp,
i=l o
YTO AL CX00UMCs A6COAOMHO, €CIH CXOMUTCS BeLLeCTBEHHBIN PAL Y |ai],.

Kak u B cayuae R, U3 HepaBeHCTBa TPeyroJibHHKa CJlellyeT, 4To aélco]nmﬂo
CXOAsLLMACS PAL CXOAUTCS.

Mpeanoxenune 13.2. Ecau pad 3 |a;|, cxodumca 8 R, mo pad Y a;
cxodumca 8 Q.

HoxkasateabctBo. Tak Kak psd ) |a;|, cxomurcs, nocijenopaTesb-
HOCTb €ro YaCTHYHBIX CyMM SIBJIsSieTCs MocJiefioBaTe/bHOCTbI0 KowH, T.e. ans
ato6oro € > 0 cyuiecTByeT Takoe HaTypaJibHoe uucso N, u4To aasa Beex n, m,
YIOB/IETBOPSIONUINX HEPaBEHCTBY m > 1 > N, BBINOJHACTCS HePaBEHCTBO

m
Z lailp <e.

i=n+1
anMeHﬂﬂ HepaBeHCTBO TpEYroJibHHKa, rnoJydaemM
m m
S = Sulp = | D @il < Y laily <k,
i=n+1 p i=n+l
OTKyla CJieyeT, YTO IOocCJeL0BaTeJIbHOCTb {S,,} ABJAETCA 1MOoCJieA0BATEJbHO-
crbio Kouu, ¥ nostomy psin Y, a; CXOOUTCS B Qp. O

Kak o6bluHO, Mbl OXHIaeM, uto B Q, nena Co CXOAMMOCTBIO pSNOB 06-
crosT aydite. M neficTBHTeNbHO, CeRyIOWMIA pe3yabTaT ABJASETCS CeACTBHEM
Teopemnl 13.1.

Mpennoxenne 13.3. Pad Y a, (a, € Qp) cxodumca 8 Q, moeda u

n=1
moabvko moeda, koeda lim a, = 0; 8 amom cayuae
n—oo

e '
Za,, gm,?xla,,h,.
=t p
HNoxasaTenbcTBo. CXOIMMOCTb pacCMaTpPHBaEMOro psiaa SKBHBAJICHT-

Ha CXOIMMOCTH MOCJ/Iel0BaTeJbHOCTH €ro YacTHuHbIX cyMmm S, = > a;. Ho
i=l
an = Suy1 — Sy. Tlostomy U3 Teopemsl 13.1 cnenyer, uto {a,} crpemurcs x O
o0

Toraa H TOJIbKO TOraa, Korpa psn Z a, CXOAHUTCA.
n=1

o0 (e

Tenepb NpeanonoxuM, uTo pan Y a, cxoaures. Ecau Y a, =0, To noka-
n=1 n=|

3biBaThb Heuero. Ecaiv xke 3T0 He Tak, To, NOCKOJIBbKY a, — 0, H3 ynpaxkHeHns 52
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CJIelyeT, UTO CYLLUECTBYET HATypaJjibHOE YHCJIO N, YAOBJIETBOPAIOLIEE YCJIOBHAM

0o N
D_an| =[>_an
n=|1 p n=| P
H, cJiefoBaTesIbHO, HCMOJIb3YA MpeaoXKeHHe 2.1 1, rnoJsiyuaem

max{|an|,; 1 < n < N} =max|ag|,.
n

.

W3 cunbHoro HepaBeHCTBA TpPEYroJibHHKa HMeeM

N

>

n=1

< max{|an|p; | < n < N} =max|a,lp,
n
P

YTO U Tpe6OBaNOCh J10Ka3aTh. O
AnanoruuHoe yTBepaeHHe 1l R nesepro. HanGosee n3BecTHblil npH-
Mep pacXOAsilllerocsl BelleCTBEHHOro psifia ¢ OGLIHM U/eHOM, CTpeMSALLHMCS K

" 1
HYJII0, — FrapMOHHUYECKHH psiL Y, e BripoueMm, cyuiecTByloT U 6oJslee TOHKHE

NpUMepbl, CKaxeM, E(%) Innum Y %
p npoctoe

oo
Onpepenenne 13.4. Pan > a, cxomutcs 6e3ycaosro, ecnu 4as 6ok
n=0

o0
NepecTaHOBKH €ro 4jeHOB a, — a,, Pl Y a, TaKXKe CXOLHTCH.
n=0
OueBHAHO, YTO M3 Ge3yCJIOBHOH CXOMMMOCTH BbiTeKaeT OObIYHAs CXOMH-

mocTb. OnHako B Q, BepHO H 06paTHOe.
o0
Teopema 13.5. Ecau psad 5. a, cxodumcs, mo ox cxodumcs 6e3ycaos-

HO U e20 cymma e 3asucum om nepecmano8KU 4AeHO8.

HoxaszateabctBo. [lycth € > 0 — npoH3BOJIbHOE TOJIOXKHTENbHOE
JeHcTBUTeNbHOE unco. [Tycth Takxke N — Takoe HaTypaJibHOE YHCJIO0, YTO A5
Bcex 7 > N BbINO/HEHbl HepaBeHCTBA |a,|, < €, |a,|, <eH

[e9) N
dan =Y a, <= (13.2)

n=1 n=1 p

N N

[Tonoxum S = Z] a, S’ = zl aj, v 0603HaunM yepe3 S| U S| COOTBETCTBEHHO
n= n=

CyMMy BCeX UJIHOB H3 S, U1 KOTOPBIX |@n|p, > €, H CyMMy BCeX uJleHoB U3 S,

LIS KOTOPHIX |ay|, > €. SlcHo, uTo S| M S| colepKaT OJHH H Te XKe UJeHbl,
nostomy S; = S|. Cymma S oT/iHuaeTcst OT CyMMbl S| UJIeHaMH, YIOBJIETBOPSi-
IOLLMMH HepaBeHCTBY |a,|, < €, K TOUHO Tak ke S’ OTJIHYaeTCs OT S| u/ieHaMH,
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YIOBJIETBOPSIIOLMMH HepaBeHCTBY |ay|, < €. Takum o6pasom, |S — Si|, <eu
|IS" — S1lp <€, noatomy |S — §’|, < e. Conocrapasa 3TH pesyabTaThi ¢ (13.2),

rnoJjiyyaem
) N
Z a, — Zaﬁ, <e.
n=1 n=1 p

o0
Tak kak € — 0 u N — Qo, Mbl BUAHM, YTO PSL Y @) CXOAMTCH H
‘n=1

oo oo
Sa=dd,
n=1 n=1
yTO M Tpe6oBaJOCh 10Ka3aTh. O
B BelieCTBEHHOM CJjlyyae CHTyallMsi CoBeplleHHO HHasl. TaM mepecTaHOB-
Ka uJIeHOB psiia MOXKET H3MEHHTb CYMMY H [iaXke C/eslaTh Psifi paCXOAsLUMCS.
OnHako nepecTaHOBKH U/IEHOB HU Ha UTO He BJIMSIIOT, €CJIH Psifi CXOAUTCS a6-
coJIloTHO (Mo Teopeme JlHpuXJie; MOMHHTE Jid Bbl, KaK OHA [0Ka3biBaeTcs?).
Teopema 13.5 kaxerca elie 6oJsiee yAUBUTeNbHOH, TaK Kak Cjelyloiee yTBep-
JIletiHe BEPHO He TOJILKO B BELUECTBEHHOM, HO H B p-a/IH4eCKOM Ciyuae.
Teopema 13.6. B npocmpancmse Q, cyuwecmsyem psad Y. a,, Komo-

n=1
potll cxodumcs, HO He CXo00Umcs abCcoAOMHO.

Hoka3zartenbcTBo. PaccMoTpuM chenyiowmit psifi, COCTaBJEHHbIH H3
MOBTOPAIOWIMXCA uleHoB: 1; p nosropsiercs p pas; p? nosTopsietcs p? pas;
 T. 1. OueBHIHO, UTO UJIeHBI 3TOrO psifia cTpemarcs K 0, o3TOMY OH CXOMHUTCS.
Onnako

o0

Zlan{p: l+p-pt4+p? p2+.. =,
n=1
YTO H yTBepPKAaJoCh. 0O
Chnenytoluii pesyJ/ibTaT CBfi3aH C NepecTaHOBKOM NOpPSAAKA CyMMHpPOBAHHS
B JBOHHBIX PsiaX, IOBOJIbHO TOHKHM BOTMPOCOM B BELECTBEHHOM CJlyyae.
Teopema 13.7. Paccmompum makue p-aduueckue uucaa by, i, j =
=1,2,..., umo 0aa moboeo € >0 cyujecmsyem HamypasvbHOe 4HUCAO
N = N(g), 022 komopoeo

max(i, j) = N = |b;j| <e.
Toeda oba pada
> (Z b,-,-) DY (Z bi/)
i j j i
CX00AMCA U UX CYMMbL PABHOL.
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HokaszatenbcTBo. [To npemnoxennio 13.3 BHyTpeHHHe paabl y b;; H
i

> bij cxonsaTes (nepBbiit — fisi BCex i, BTopoit — st Beex ). Kpome Toro,

l
ans Bcex i > N umeeM

Zb,’/ <mlax|b,-,~|p<s,
i p

M TOYHO TaK XKe sl BCeX j = N HMeeM
E b,',' <eE.
i P

Ortciona cenyeT CXOAMMOCTb 0GOHX ABOHHBIX psitoB. UToOb! J0Ka3aTh paBeH-
CTBO HX CYMM, HamuileM

o0 o0 N N N 00 oo )
Do) =2\ 2bu )| =0l X ) X (Doba)| <

i=1 \j=1 i=1 \j=1I p li=1 \j=N+1 i=N+1 \j=1 p

YTO MOXKET BbIMOJHATLCA A1 JI06Oro € JMUIb B TOM CJlyyae, KOrAa CyMMbl
000HX PALOB PABHbI. O

[To cyTh, 310 ele OAMH BapHaHT pe3ysbTaTa O MepecTaHOBKAaX UJEHOB B
panax.

Ynpaxhneuus
52. Ilyctb ,,"To a, = a B Q,. Jlokaxure, 4To 1160 nlirgo lan|, =0, nubo
CyllecTByeT Takoe HaTypaJibHoe uhcao N, uto |a,|, = |a|, ang Bcex n > N.

53. JIoKaXHuTe, 4To [I0CAe0BATENbHOCTD d, = 25 cxomutesi B Q3, M HailauTe
ee npezed.

54 («rapMoHHYecKasi» MoCJ/e0BaTeNbHOCTD).

1) IMokaxuTe, uTo nocsenoBatenbHocTs 1, 1/2, 1/3, ... He uMeeT npenena
B Qp, HO CONEPXKHT CXOMALLYIOCS MOANOC/AEN0BATENbHOCTD.

2*) Nokaxwute, uto MHOXKecTBO {1, 1/2,1/3, ...} nnotHo B {x €Q: x|, >1}.

o0
55. Jlokaxute, uto »_ n!-n=—1 B Q, ansa awboro p.

n=1
56. Mcrnonbays uaen npeabiayuiero ynpaxHeHHs, 1oKaxure, uto B Q, aas

J11060r0 MPOCTOro 4yucJjia p UMEKT MeCTO paBEHCTBA

dYonro(n+ D=2 Y 0’ (n+ 1) =26

n=1 n=1

S* p-anMucCKuii aHamH3 65



§ 14. p-apnueckue creneHHble psiibl

d)opMa/thth CMeneHHuviM pﬂdozu Ha3biBaeTCsA Bblpa>xKeHHe BHia

fX) =" a.X",

n=0

rae a, € Qp, a X — nepemenHas. MHOXeCTBO BCeX CTEMeHHbIX PAAOB OT X ¢
Ko3dduuHeHTaMu B Kosiblie R o6o3Hauaercs R{[X]], a MHOXKeCTBO MHOrou/1IeHOB
uepe3 R[X].

Jlns nanubix x € Qp v f EOOQ,, [[X]] MoxxHO paccMOTpeTb COOTBETCTBYIOLLHH
uHca0Bo# pAx f(x), paBublil Y a,x". Kak Mbl y:Ke 3HaeM, OH CXOIHUTCS TOTAA

n=0

H TONbKO TOrAa, Koraa |a,x"|, — 0.

Kak u B apxuMenoBoM cJiyuae (CTeleHHble psabl ¢ Kodtguudentamu B R
uan C), onpenesnM «pamdyc CXOAHMOCTH» ,

P — (14.1)
lim sup |aa|,
HanomHuM, uTo BepXHUM MpenesioM lim sup nocJief0BaTeNIbHOCTH HAa3bIBAETCS
TOYHAsl BepXHsisl TpaHb (SUp) MHOXKeCTBa ee MpeflesibHbIX ToueK. Takum o6pa-
30M, B cayuae 0 < r < oo st qio6oro C > 1/r CyliecTByeT ToJIbKO KOHEYHoe
KOJIHUECTBO YHCel |a,,|},/”, 6onbiunx C. Crenytoluee yTBepxIieHre onpapabiBa-
€T TEPMUH «PafiiyC CXOAUMOCTH>.
Mpennoxenune 14.1. [Ipednoroxcun, umo 0 < r < co. Toeda psod

oo
>
n=0

cxodumcs, ecau |x|, < r, u pacxooumcs, ecau |x|, > r.
HoxasaTenbcTso. [lyctb cHavana |x|, < r. [Tonoxum |x|, = (I —¢)r.
Torna :
Janx"|, = (rlanl )" (1 ~ )"

Tak Kak CyLIeCTBYET TOJIbKO KOHE€UHOE€ KOJIMYeCTBO TaKHWX 1, 4YTO |a,, })/n >

> ;—_—-(—1/—2-)-;7, HMeeM .

i o)y <im0 = (55 =0

Ananoruuno, eca |x|, > r, To 3anuuem |x|, = (1 + ¢)r. Torna

n

lanx"|, = ("|an|,lo/")n(l +¢)".
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1
Tak kak cyuiectByeT TOJMbKO KOHEUHOE KOJIHYECTBO TAKHX 71, UTO |a,|/ /"

> ;—W’ HMeeM
. n . (1 +e)r \" . l+¢ \"
tim sup lanx"[, >"’“((1+s/2)r) ﬁ“&(l n /2) 7 0. =

Uro NpOHCXORHT Ha «rpaHHue» |x|, =r? B apxumenoBom cayuae (R uau C)
noBeJleHHe CTeNeHHOro psifia Ha rpaHHlle MHTepBa/la WJH Kpyra CXOLHMOCTH
MOXeT ObiTb HOBOJIBHO CJIOXKHBIM. Hanpumep, PalHyC CXOMHMOCTH 06bIYHO-
ro JiorapugmHueckoro crenexHoro psga In(l + x) = E( l)"+'—— paBeH 1.

=1
Ecmu |x| =1, To npu x = —1 psan pacxoapurtcs, a npu x = 1 — cxonures (He

a6CoJI0THO).

B HeapxumenoBoM cilyuae MoBefieHHe CTeNEHHOro psiia BO BCeX TOUKax
|x|, = r onMHakoBO, MOTOMY UTO AL CXOAMTCS TOrAA M TOJBKO TOrAa, KO-
ria |a,x"|, — 0, a 37O yc/l0BHe 3aBHCHT TOJIBKO OT HOPMbI |X|,, HO He OT
KOHKPETHOro 3HaueHHs X. - \

PaccmoTpum TOT 2Ke camblit pumep Y (——l)"“%, Mbl imeem

n=I

_ ordyn . I/n _
|an|p = p" u nlLrgo lan|y" =1
(ynpaxkHeHue 57). DTOT psiil CXOAHTCA NMPH x|, < | K pacxomures npH |x|, > 1.
Ecan xe |x|, =1, 10 |anx"|, = p°" > 1, 4 n05TOMy A/Is1 BCeX TaKHX X Psill
pacxonurcs.

Jlemma 14.2. Jlroboii pad f(X) € Z,[[X]] cxodumc;ioa {xeQp|x|p <1

Hokaszateabctso. Ilycts |x|, <1 u f(x) = > ap,x". Tak Kak ans

n=0
J1060ro n > 0 BBINOJIHAETCS HEPABEHCTBO |dn|p < 1, umeeM |a,x"|, < ||} — 0
TpH N — 00, OTKYIA H CJIefyeT CXOAUMOCTb psiia.
Mpumep 14.3. 3acukcupyem Hekotopoe a € Z,. [Tosoxum

Lt = 35(%) X" € Z, 10,

n=0

3nech

a a@a—1)...(a—n+1

(1) = oLt L on ) = (1 + X"
a

Jlemma 14.4. Ecau a €Z, un > Omo( )GZ

HokasarteabcTBo. [Insa Kaxmoro n > OpaCCMOTpHM

XX=1...X —n+1)
SE—" T e QlA).

Pu(X) =
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Kak ¥ no6oii MHorousieH, P, onpelelsieT HernpepblBHOe oToGpaxenue Q, —
m
— Q. Ecii m, n — naTypaJnibHble uHCiIa, (n) € N, to 1151 a € N umeem

Pa(a) = (z) eN.

Takum o6pasoMm, HempepbiBHasi ¢yHkuus P, otobpaxaer N B N. Torma no
HelpepbIBHOCTH OHA MEepPeBOAMT 3aMblkaHHe MHOXecTBa N B 3aMblkaHHe MHO-
xectBa N. Ho no reopeme 11.11 muoxectso N nnotHo B Z,; 370 03Hauaer,
uto P, otobpaxaer Z, B Z,. O

3ameuanue 14.5. HecsioxkHo nokasaTh HenocpeACTBEHHO, UTO eCJd M € Z,

m
TO (n) € Z. Kak 3to caenatb?

Crenyolwuil pe3ysbTaT OueHb MOX0XK Ha COOTBETCTBYIOLLEE yTBEpKIEHHE
13 BeLLeCTBEHHOro aHaJu3a.

Jlemma 14.6. [Tycmo f(x) =3 a.x", a, € Q,, — p-aduueckui cmenen-
HOU pad, 06aacmoro cXO0UMOCMU KOMOPO2O ABALEMC OMKPbLMbLL U 30-
menymoitl wap D C Qp. Toeda f:D — Q, asasemcs nenpepuisroli yrk-
yuetl Ha D.

JokasaTtenbcTBo. Mbl nokaxem, uTo HyHKUHMS [ HempepbiBHA B KaXK-
noi Touke x € D, x # 0, a cayuaii x = 0 octaBuM untaTesio (yrpaxHetue 59).
[yctb |x — x’|, < 8, rne 8 < |x|, Gyner BhiGpano nosxe. Toraa |x|, = |x'|,
N0 CBOHCTBY paBHOOENPEHHOTO TpeyroJbHHKa. Mbl HMeeM

o0
|F) = Fx)p = |D_(@nx” = aax™)| < max|anx” — apx"|, =

n=0 p

= max(|a,|,(x — ¥ )"+ 2"+ 4 x’"_l))l,,.
n

/"_ll /l—l

"™t x4+ T, < max |6 o= lx[;~".

o 1Kign
Takum o6pasom,
- 3
|f(x) = f(x')], < max (|x = x |,,|a,,|,,|x|" h < *l, max(|a,,|p|x| ).
Tax kak uncna |a,x"|, orpaHuuenbl npu n — oo, nojyuaeM |f(x) — f(x’)|, <e

Il IOAXOASALLEro §.
[Mpennoxenune 14.7. Paduyc cxodumocmu cmenennoeo pada

[X) = a.X" € Q,[X]

n=0
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cosnadaem ¢ paduycom cxo0umocmi e2o npou3sooHol

o0
Df(X) = na,x"~",
n=1
m.e. ry = rpj.
IlokasatenbcTso. Ina moboro n € N umeem |n|, < 1. Torna

rpj = limsup |na,,|},/"" = limsuplna,,]},/” = limsup la,,I},/” =ry,
n—oo n—oo n—oo
4TO U TPe6OBaIOCh HOKA3aTh. 0

CJIellyiOUlHﬁ puMep IMOKa3biBaeT, UTO IOBeAE€HHE CTEeNEeHHOro psifia Ha
rpaHulie MOXKET OTJIMYATbCA OT [OBEAEHHA ero HpOHBBOILHOﬁ. CrenenHoit pan

(e
fXy=33X P umeer paiMyc CXOAMMOCTH, paBHbIi 1, M pacxomuTcs IpH
n=0

o0
x|, = 1, B To Bpems Kak ero mpousommas Df(X) = > p"XP"~! cxomurcs
n=1

(e
ans |x|, =1 (TaK Kak psn >, p" cXomurcs).

n=|
YnpaxHeHus
57. Jlokaxure, uto lim pode ™/ = |
58. Tlyctb e ‘
oo
[(X) = a.X" € Q,[X]
n=0

— crenenHo# psig v r = 1/limsup Ian“o/n. Hoxkaxure, uto ecu r = 0, 10 f(x)
CXOMTCS TOTZA U TOJILKO TOrAa, Korfa x =0, a ecsit r = 0o, TO f(x) cxomures
ans Beex x € Q.
[e o)
59. IlokaxuTe HenpepbIBHOCTb CTeMeHHOro psiga f(x) = > a,x", umeto-
=0

111ET0 MOJI0XKHTEJNbHBIH panHyc CXOQHUMOCTH, B TOUKE X = 0.

60. [lokaxkure, 4yTO
n— Sy

p—1’
rae S, — cymma uMdp uMcaa 7, 3aNMCaHHOro Mo OCHOBAHHIO p.

ord,(n!) =

§ 15. HekoTtopbie 3jiemeHTapHble (PYHKLHH

§ 15.1. p-apguueckuit norapudpm. PaccmoTpum crepyiolmii creneHHOH
psn

tog(1 + %) = S (-1 20, (15.1)

n=1
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Tak Kak Bce KO3(h(PHLMEHTbl STOrO Psifia ABJSAIOTCA PALMOHAJbHbIMH UHCJIAMH,
cam psn npuHamexut kosbly Q[[X]]. Kak mbl yxke BHAENH, COOTBETCTBYHO-
LK cTereHHOH psill B Q,, KOTOPbIH Mbl 6yaeM 0603Hauath In,(1 + x), uToGbl
He MyTaTb C JIOrapuhMOM N0 OCHOBAHHIO P, M Ha3blBaTb p-adudecKum A02a-
pugmom, cxonures npH |x|, < 1. (Mbl coxpanum o6o3nauenne log(l + x) st
COOTBETCTBYIOLIErO YHCJIOBOrO CTereHHoro psia B R.)

AHasioriuHo, onpenenum psn

N gy =
Inp(x) = (=)™ ==,

n=|

KOTOpBIH cxomuTea npu x € B={x € Z,:|x — 1|, < I} = | + pZ,,.
Teopema 15.1. p-aduueckuii roeapugpm yoosiemeopsaem OCHOBHOMY
csoiicmay '

Inp(xy) = Inpy(x) + Inpy(y).
IokasaTedabctso. Crenyiollee TOXIECTBO:
log(l + X) +log(1 +Y) —log(1+X +Y +XY)=0 (15.2)

BBIMOJIHEHO 151 (POPMAJIbHBIX CTEMEHHbIX psitoB. MOXKHO NPOBEPHTH Herocpea-
CTBEHHO (Pa3/IOXKHB B Psiibl M MeperpynnupoBaB ujieHbl), UTO Bce Ko3aH-
LHMeHTBI MoJyuatoulerocsi B pesyabrate psfa paBHbl 0. OHAaKO MOXHO 3TO
NpoBepHUTb M Mo-Apyromy. 3amerum, uto psif (15.1) onpenensier BelllecTBeH-
HBI JiorapuM, KOTOPbIH yI0BAETBOPSiET cOOTHOLIEHH O (15.2). DTo o3Hauaer,
yTo psifl, CTOSIUMI B JieBOi yacTH paBeHctBa (15.2), ofpaiaerca B 0 nns
BCeX JefCTBUTeNbHbIX uncen X ¥ Y u3 uHrepBana (—1, 1). [Tostomy nocse
NpUBeieHHsl MOAOGHBIX u/eHOB (KOTOpOe He BJIMsSeT Ha CXOAMMOCTb H CyMMy
COOTBETCTBYIOLIErO BELLECTBEHHOrO psifid, TaK Kak OH CXOAMTCS abCOJMIOTHO)
JIeBast 4acThb 3aMuChiBaeTcs B BUAE Y CpmX"Y™ H BCE ¢y paBHbl 0. Bosbmem
Jobble o, B € pZ,, Torga o + B + o8 € pZ, 4 TO XKe camoe MOXHO CKa3aTb
npo '
Inp(1 + a) + Inp (1 + B) — Inp(I + a)(1 + ).

Tak Kak Bce paccMmartpHBaeMmble psiibl CXOAATCS, MOXHO, TpPHMeHsisl Teo-
pemy 13.7, nmeperpynnupoBaTh uJieHbl M Tependcartb JeByld 4acTb B BHIE
> Cnm@"P™, NpHUeM Bce Cyp paBHbl 0, OTKyJa H BbiTeKaeT TpeGyemoe yTBep-
XIeHHe. O
§ 15.2. p-aanveckas akcnoHenra. Ternepb paccCMOTPUM CTeNeHHOH psif

o0

exp(X) = Z Xn.

n!
n=0
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(OOTBETCTBYIOLIMH BelleCTBEH DI CTeneHHof psil cxonutes Beiogy. Pacemor-
PHM STOT cTenenHoi psin B Qp; oH HasbiBaeTcs p-aduueckod 3KCnonenmoii
1 0603Hauaercs exp,(x). Cnenyowias Teopema Moxker chauana TNOKa3arbCs
CTPaHHOH.

Teopema 15.2. p-aduueckan sxcnonenma exp,(x) cxodumcs 6 xpy-
ee Dp={x € Qp:|x|, <r,), 2de ro = p~ Y=Yy pacxodumes so scex
ocmaneroLx mouxax Q,.

Mlokasatenbctso. Chavana Haiizem pamuyc cXoAHMOCTH r, 3TOTO cTe-
MEHHoro psina no copmyne (14.1). B nannom cnyyae a, = 1/n!. Wcnoabays
ynpaxcienue 60, nosyuaem

1 =5,
Hﬁp”"'

M3 dopmyanbl
l

ry, = —
P lim sup |a,| "

(Mcnonbays To, uto r, ABAsieTCH cTeNeHbio UHCJIa p) MOJyyaeM COOTHOLIEHHe

o] - n—S,\ _ 1
ord, rp, = hmmf-n—ordp a, = hmmf(—m) "

(noc.neﬂHee PaBeHCTBO BbIMOJIHEHO, TaK KaK

lim (—”—‘n—s) =—1+ lim 3=y,

n—oo n—oo N

rtoraa rp = p= /(=1 Tepepy, MOCMOTPUM, uTo Gyier npH |x|, = p~1/(P=1)
T.e. ord,(x) = 1/(p — 1). MoxHO Hanucats

- S, n
n L_n _ S .
p—1 p—1 p—1

ord,(a,x") = —

Ecau n—= pm, TO 5,, =1lwu ordp(ap,,,xpm) — l/(p _ l), nOaTOMy
A 1anx"lp £0 s x|, = p=VoD),

H PAL pacxomuTes np |x|, = p=/(P=1), a
3ameuanue 15.3. Ecom p =2, 10 pajuyc cxonumoctH pasen 1/2, nostomy
expy(x) cxommtes B 4Zo.

Ecam p > 2, To pannyc cxomumocty pasen p~Y%=D_Opnnako p-amuueckas
HOpMa He MOXeT NpHHUMATb TaKOe 3HaueHHe, H TaK Kak I/p < p= V=D <,
psin exp,(x) cxomutes B PZy.

Mpennoxenne 15.4. Ecau mouxy x u Y npuradaexcam obaacmu cxo-
Oumocmu D, p-aduueckoii IKCNOHermbL, MO exp,(x + y) =exp,(x) exp,(y).
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JlokazaTeabcTBo. Tak KaK 5T0 BepHO 115t HOPMAbHBIX CTENeHHbIX Psi-
JIOB, TO 0KA3aTeJIbCTBO aHAJOrHUHO J0KA3aTebCTBY npeanoxenus 15.1. O
Mpennoxenne 15.5. Ecau x € D, = {|x|, < p~/*=Y}, mo

lexp,(x) — 1], < I,
m.e. exp ,(x) npunadaexcum obaacmu onpedeseHus GyHKyuL Inp(x) u
Iny(exp, (x)) = x. (15.3)

Haobopom, ecau x € D, mo

[Inp (L +x)|p, < p #-1

exp,(Inp(l +x)) =1 +x. (15.4)

Hokasateanctno. CootHowenus (15.3) u (15.4) cnenytor us coor-
BETCTBYIOLIUX COOTHOLIEHHH Jisi pOpPMasIbHBIX CTENEHHBIX PSALOB, MO3TOMY J10-
CTaTOYHO TPOBEPHTh, YTO BCE pacCMaTpUBaeMble Psijibl CXOISTCS.

Ecu x € Dy, T0 psifl exp ,(x) cxomutes ¥ no npeioxkenuio 13.3

xfl
lexp,(x) — 1], < mr?xb—!lp.

Hcnonbsys pesysbrar ynpaxHenus 60, nonyuaem

xll

n!p

n

< p T po) < pTEIT T = |

Tostomy |exp,(x) — 1|, < 1, KaK 1 yTBepxaanOCh.

Yto6bl J0Ka3aTh BTOPYIO YacTb, HaJl0 OLEHHTb ord,(n).

Jlemma 15.6. Cnpasedauso pasencmso ord,(n) — ;—'l— <

-1 -1
HokasareabcTBo JemMb. man=1lun=p HMeeMppaBeHCTBO.
Ecau 1 < n < p, 1o ord,(n) = 0 u umeer Mecto ctporoe HepaBencTBo. [lJist
p > n HMeeT MeCTO CJelyiolias OleHKa cBepxy Aas ord,(n) (cp. ynpaxHe-
HHe 57 Bbilile):

ord,(n) < :Oig%.
Torza n—1 n—1 logn
1 —ordpy(n) > =1 fogp’ (15.9)
[Tonoxum




Mbr umeem f(p) =0 u f'(x) >0 maa x > p. 1o o3nauaer, uT0 yHKUUs f
BO3PacTaeT, B YaCTHOCTH, MPH 7 > p UMeeT MECTO HepPaBEHCTBO

n—1 logn > 0;
p—1 logp

cornocraBJisisi 3To HepaBeHCTBO ¢ (15.5), monyuaem TpeSyemoe yTBepxkaeHHe. [J
ITyctb cHoBa x € D . Torna

xﬂ
ln,(1 + x)], < m,?x’—n—'p.

[TpumeHss nemmy, nosyyaem

xll

nip

1
< p—ﬁpord,,(n) <p T

’

1
otkyna |In,(1 + x)|, < p~ »-T. O
Mpumep 15.7. Tlyctb p = 2. Torna —1 € {x € Zy: |x — l|2 < 1}, TaK KaK
| = 1 — 1|2 =1/2 < 1. Takum 06pa3om, 2-aanueckuii norapudm Ing(—1) MoxkHO
BbIYHCJIHTD C MOMOLLBIO CTENEHHOro psijia

Ing(~1) = Ina(l —2)2-(2+ 272 + %3 + )

C nmpyroii CTOPOHbI, HMeeM
0= Ing(1) = Ing(—1) + lng(—l) = 21n2(—l),

otkyza Ing(—1) = 0. D10 03HauaeT, uto NpU 1 — 0O CyMMa

22 23 on
2+ S+ 4.+ =
2 3 n
CTaHOBHTCS Bce OJ1XKe U OJIHXKe (l']O 2—aILHlleCKOﬂ HOpMe) K O, T. €. A1eJIMTCHA Ha
CKOJIb YyrogHo 6onblIKe CTerneHu }lBOﬁKH, €CJIH N N0CTAaTOYHO BEJIKKO. Bosee
TOYHO, AJd Ka>Xaoro M CyLLEeCTBYeT TaKoe 7, 4To

22 93 on
M -
2 |<2+—2+3+...+n).

MoxxeTe JIH Bbl OUEHHTD MaKCHMaJibHYIO CTE€leHb JIBOHKH, KOTOpasi AeJIMT

22 23 on
jl it iy}
2+2+3+...+n.
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§ 16. MoXXHO AU p-aAM4YeCKHUH CTEMEeHHOH PpsA NMpoaoJ-
XXHUTb aHAJUTHYECKHU?

[TpennonoxuM, 4To HaM faHa GYHKUMs, 3aaHHas CTeNeHHbM pPANOM B
HEKOTOPOM Kpyre. MOXKHO Ji1 3Ty (YHKLHIO <€CTeCTBEHHbIM» 06pPa3oM Mpo-
LOJIXKHTDb Ha GOMbLIYIO 0651aCTh? B BellleCTBEHHOM CJlyuae OTBET yTBepIHTENb-
HBIH: Ja)ke HECMOTpS Ha To, UTO cTemeHHo# psin log(x + 1) pacxomutcs npu
x > 1, cyuiectByeT 6ecKkoHeuHo ryiafKas ¢yHkuus log, onpeneneHHast 15 BCex
NOJIOKHTeNbHbIX yKcen. Crnoco6 MpOofo/IKeHHs] B COCTOUT B CJIEYIOLIEM: Mbl
BbIGHpaeM BHYTPH Kpyra CXOAHMOCTH HEKOTOPYIO TOUKY o, HAXOIHM CTeleHHoe
pasfioxkeHHe Haulell (DYHKIHMH B 3TOI TOUKe U TAKUM 06pa3oM MpojoJixkaeM Ha-
wy (GYHKUHIO B KPYr CXOAMMOCTH HOBOro psina. K coajieHHio, 3TOT MeTol B
cayuae Q, He pa6oraer.

Mpennoxenune 16.1. [Tycmeo

fX) =" a.X" € Q,[IX],

n=0

u nycmo o € D, ede D — kpye cxodumocmu psaoda f. Jas m > 0 norosxcun

b = i(”;)ana"—m, (16.1)

n=m

oC
gX) = Z bm(X — )™, (16.2)
m=0
Toeda
1) pad (16.1) cxodumcs das scex m, noamomy b, Koppekmuo onpe-
deaeno 04 kaxndoeo m;
2) kpye cxodumocmu pada g(X) cosnadaem c D,
) g(\) = f(\) 0as 8cex \ € D.
HokazatenbcTBo.
Tak Kak o € D, 151 KaXXKnoro m vMeem

n —
)(m)a,,a" "’] < lana™", = [af5™ana’], — 0,

n
MOTOMY UTO (m) € Z. 3HauuT pan f(x) cxomuTcs B TouKe o Tem cambiM yTBep-

XJeHue 1) nokasaHo.
Teneps, ecu A € D, To

o) = Za,,()\-oz+a)” ZZ( ) MM —a)™. (16.3)

n=0m<n
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[TocsienHee passioxeHHe OueHb IOXOXKe Ha YAaCTHUHYIO CyMMY psiia g(x), Ha-
JIO TOJIbKO MIOMEHATh MOPSAO0K CyMMUpoBaHusi. UTo6bl 060CHOBATh 3aKOHHOCTD
CMeHbl TOpsZKa CYyMMHPOBaHHs, TOKAXeM, YTO 3TOT ABOHHON PSiJ CXOAMUTCS
«paBHOMepHO». CHauaJsia ciesiaeM Tak, uTo6bl 06a HHAEeKCa NMpUHUManu Gec-
KOHEUHOe KOJIH4eCTBO 3HAueHHH.
[Tonoxum
B = (Z)a,,oz”""()\ —o)™, ecmum<n,

0, ecaiu m > n.

MBI XOTHM NOKa3aTb, 4T0 By, — 0 paBHOMEPHO OTHOCHTENBHO 060X HHEKCOB,
T.€. Mbl XOTHM HaiTH Takoe uHcao NV, uro ecait m >N unn n > N, 10 |Bmalp <e.
VmeeT MecTo ciiefytoiliasi OleHKa:

Bralp = | () om0 = )" | < fane™" (e = 1",

Mo>kHO HallTH Takylo Touky r| € D, uto r = |ri|, > max(|a|,, |A|,). (Bo3bMenm,
HanpuMep, r| = o WIH r| = A\ B 3aBUCUMOCTH OT TOTO, KaKoe M3 UHCes o H A
umeet 60sbuyio Hopmy.) Torma no noctpoenuio |afy < r'™, u

A = af 7™ < max(|alp, M) T < 1T
10 MOCTPOEHHIO U HeapXHMEeOBY CBONCTBY HOPMbI; TO3TOMY
|pn.m|p < Iaﬂan_m()‘ - a)mlp < |an|prna

TpHueM NocyefHee BupaxeHnue ctpeMutcs K 0, Koraa n — oo He3aBUCHMO OT 111,
T.e.
Ve >03N:Vn >N |Bunlp <k,

a 3TO MOJIOBHHA HYXXHOTO HaM yTBepxk/eHHus. Hanee, ecniu m > N, 10
ambon=2m=n>N = |Bunlp <e,
JNH60 n < m = By =0, N031OMY |Bmnl, =0 <.

Tenepb Mbl MOXKeM NpHMeHHTb TeopeMy 13.7 W NMoMeHATb NMOPALOK CyMMHPO-
BaHHsl B cooTHouieHnH (16.3):

f) = i > (;)ana"‘”’(% - a)"
n=0 mgn
=22 Ban=

m=0n=0

M
NE
[

3
Il
o
3
Il
o

NgE
[M]8

(:1>a,,a”_’"()\ —a)™ = g().

3
Il
o
3
I
3
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Mb! B3s/IH NPoHM3BOJIbHOE X € D U TMONYUHIH, YTO Pl g CXOAMTCS B TOUKE X,
NO3TOMY g CXOAMTCSi BO BceM Kpyre D. 3ameTHM, uto f W g yuyacTBYIOT B
3THX PACCYXKIEHHSIX CHMMETPHYHO, MO3TOMY MOXHO, HauaB ¢ g, NIOCTPOHTD f.
Orciona crenyer, uto psii [ CXOMTCA TOrAa e, KOMJA CXOAMTCA g, UTO H
Tpe6oBasoCh 10Ka3aTh. 0

Mrak, HaM He ynaercs MpOIOJUKHTb (DYHKLHIO, 3aJ@HHYIO p-aaH4eCKHM
CTereHHbIM PSIOM, TaK, KaK 3TO AeJaloT B BELECTBEHHOM cJjyuae. BosHHka-
eT BOMPOC: NPOJ0JKEHHe KAKOro pojia Mbl XOTHM NOJTy4HTb? B BelllecTBeHHOM
ciyuae (hyHKUHS Ha3bIBaeTCs aHAJIHTHUECKOH, eCJIM OHa OfpefieNfieTcs cTeneH-
HbIM PSZOM B HEKOTOPOH OKPECTHOCTH KaXKJ0H TOUYKH CBOeH 00/1aCTH onpese-
Jenus. Pacemotpum dyHKuHIo, onpenenenHyio B Z, 4 paBHyto | Ha pZ, u 0
Ha Zp \ pZpy = Zy. Tak Kak 06a 3TH MHOXeECTBA OTKPbITBI, Haula hyHKuns [
MOXeT ObiTb 3anHcaHa B BHIE CTeleHHOro psna (KOHCTaHTb) B HEKOTOPOH
OKDECTHOCTH KaXKI0 TOUKH M3 Z,, HO 3Ta (PyHKUHMS COBCEM He M0X0XKa Ha
«aHanuTHueckylo»! TloaToMy nepex TeM Kak CTaBHTb BOMpoc 06 aHa/lHTHYe-
CKOM MPOJIOJIXKEHHH, HYXKHO NPABHJILHO OMNPeNeHTh aHaHTHUECKYIO (DYHKIHIO.

§ 17. Hyau p-aauyeckux cTeneHHbIX psiioB
B cnenyioueit Teopeme peub uaet o GyHkuHax f:Z, — Qp, 3a1aHHBIX CTe-
o)

neHHbIMH pagamu f(X) = Y a,X", koTopble cxoasTcs Ans Beex x € Z,. Ta-
n=0
KHe QDYHKUMH XapaKTepH3YITCs TeM, YTO COOTBETCTBYIOLIHI Psifi CXOLHTCS IS

x|, =1, T.e.

lim a, =0.
n—oo

Teopema 17.1 (teopema lliTpaccmana). [Tycme

oo
f0) =) anX" € Q,[IX]
n=0
— Henynegoll cmenenHoll pad (m.e. He 8ce e20 KOIDPuyuermol pasHbl
nyao). [Tpednoaoscun, umo lim a, =0 u moeda psad f(x) cxodumes npu

n—oo

scex x € L. [Tycme N — namypaavroe uucao, komopoe onpedeisemcs
credyouum obpason:

1) lan|, = max ad,

2) |anlp <lawn|p npun>N.Toeda pynkyus f-Z, — Q, uneem ne 6oree
N nynei.

3ameuanune 17.2. Tak kak a, — 0, HopMa |a,|, NpHHUMaeT MaKCHMaNbHOE
3HaueHHe Ha KOHEUHOM MHOXKeCTBe HHAEKCOB Ny, No, ..., Ng; Toraa N = ny, rae
N — MaKCHMaJIbHbIll H3 HHIEKCOB UHCeJ A, MMEIOLIMX MAKCHMAJbHYIO HOPMY.

HokasatenbctBo Teopembl 17.1. Jloka3aTenbCTBO MPOBOAMTCS
HHAyKUHed no N.
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basa undykyuu. Tpu N = 0 Hatiue npeanosioxeHne o3Hauaer, uto |agl, >
> |aq|p mns Bcex n > 0. Mbl XOTHM 10Ka3aTh, uTo f(x) He UMeeT Hyneil B Zp.
Ecau

0=f(x)=ag+ax +ax?+...,
TO
lag|p = |arx + asx® + ...| < max|a,x"|, < max|an|, < |ao|p,
n>1 n>1

H TéM CaMbIM Mbl MOJYYHJIH NPOTHBOPEYHE.

llae undym{uu. B sBHOM BHie BbliesHM MHOXHTEJIb, COOTBETCTBleLIJ,Hﬁ
OIHOMY H3 Hy.neﬁ, H TOKaxXeM, UTO YaCTHOE TaKxKe ABJIAETCA CTEleHHbIM pAIoM,
IJis KOTOPOro YHUCJI0 N CTpOro MeHbuie. Hpeanonomum, uTo

|aN|p=m,?x|a,,|,, o |an| <lawn]|, mnan>N,

v nyctb f(a) =0 mna uekotoporo o € Z,. Bo3bMem npoH3BOJIbHOE UHCJ/IO
X € Z,. Torna

o0 oo n-—1
F) = F0) = f@) = D an(e" = o) = (x =) 3 anrla’™' .
n=1 n=1 j=0

[To Teopeme 13.7 MOXHO NOMeHATb MOPAAOK CYMMHpOBaHHS: noJsaras k =
=n — j — |, nonyuaem

oo oo
flx)=(x - a)Zb;x’ =(x —a)gi(x), rneb;= Za;H_,_kak.
j=0 k=0
Mbl HMeem
|bj|p < max|ajyi4klp < lan|p nns Beex j ot 0 1o oo,
TaK Kak 3JIeMEHT ay HUMeeT MakCHMaJbHylo HopMmy. Hanee,
|bN_||p = |aN + ayyio + aN+2u2 + ... |p = [aN{p,

wecad j > N, To

bi|, < max|a; < max |aj|, < |an]|.

| /lp X k>0| /+k+l|p \j>N+l| /lp I NI

Hrak, snemeHT by_| HMeeT MaKCHMaJbHyl0 HOpPMY, a HOPMbI BCeX MocJeny-
IOLLHX 3J1eMeHTOB cTporo MeHblie. [Ipumensis K QYHKUMH g| TpPEANOJOXKeHHe
MHIYKUHH, T10Jy4aeM, YTO KOJIHYECTBO HyJjell 3TOi (hYHKUMH He MPeBOCXOIHT
N — 1, nosToMy MakcHMaJslbHO BO3MOXKHOE KOJIHUECTBO HYJsell PYHKUHMH [ paB-
Ho N, a umeHHo, N — | Hyneil yHKuuH g U a. O
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Teopema llItpaccmMana HMeeT HECKOJIBKO C/e[ICTBHH.

Caencteue 17.3. [Tycme f(X) =3 a,X" — cmenenroii psd, cxodaujuli-
ca 8 Zp. [Tycmo makxce oy, g, ..., om — 8ce Hyu pynkyuu f(X) 6 Zp.
Toela cywjecmsyem cmenennoi pad g(x), cxodawuiica 8 Z,, HO He ume-
rouui man Hysel u makoi, 4mo

fX) =X =) ... (X = am) g(X).

HokasateanbcTBo. Kak 1 npu nokasartenbctse Teopembl 17.1, MoXHO
Hanucarhb

fX) = (X — ay) g1 (X),

npuyem pan g (X) cxomures B Z, ¥ uMeeT TaM He 6osiee m — | nynei. [1ponon-
)Kasi ITOT MPoLeCe, Mbl BbIIEJNIUM Bce m HyJel U noayunM g,(X) = g(X). O

Caencrsue 17.4. [Tycmo f(X) = a,X" — cmenenroii paod, cxo0saujuii-
ca 8 p"ZL, 0as Hekomopoeo m € Z. Toeda [(X) umeem 8 p™Z, Koneuroe
4ucao Hyned. Imo uucao e npegocxodum yucaa N, komopoe onpedens-
emcs u3 COOmHOuweHul

|p”’NaN]p=mr?x|p”’”a,,|p u |p™anl, <|p™an|, Oaan>N.

Hoxkazatenbctso. [Tonoxum g(X) = f(p"X) => a, p™X". Tax kak
pan f cxomutes B p™Z,, pan g cxoautes B Z,. Tenepb yTBepxieHHe BbiTeKaeT
13 Teopembl 17.1. O

Mpumep 17.5. [ycts f(X) = > p"X". Haitnem o6nactsb cxomumoctu f(X)

n=0
M KosuecTBo HyJseil. Paauyc cxomuMocTH Bbluucssiercs: o dopmyae (14.1),

e laal, = |p"lp = p=": r = p. Tpit |x], = p uvcen
|p"x"|p = |p"|plxl} = p~""" =1,
a 370 BblpaxkeHHe He ctpemuTcs K 0. Takum o6pasoM, psa cxoaures npu

{lxlp < py=Alxl, < 1} = Z).

TocaenoBarenbhocts |p”|, = p~" y6biBaet, nostomy sjement p° = | nmeer
MakcHMasibHylo HopMmy. HenocpencrBeHHoe npumeneHnsist Teopemy Lltpacema-
Ha, Mbl nosiyuaeM, uto N =0, T.e. crenennoil psia f(X) He UMeeT HyJieil B cBOek
0621aCTH CXOAHMOCTH. KoHeuHo, 3T0 MOXKHO OblJIO YBHIETb H HAMpsIMYIO, Tak
Kak B 06J1aCTH CXOMMOCTH HMeeT MeCTo o6bluHasi popMy/a CyMMbl GeCKoHeu-
HoOlt reoMeTpHuecKoil nporpeccku H f(X) = (1 — pX)~L.

Caencreue 17.6. Paccmompun 0sa p-aduueckux cmenentolx pada

fX) =) aaX",  gX) =2 baX",

n=0 n>0

78



cxo0auwuxca 8 p"ZL,. Ecau cyujecmeyem Geckone4Ho MHOCO MAKUX Hucer
o€ p"Zy,, umo f(a) = g(a), mo a, = b, 0as scex n = 0.

HoxkasareabctBo. [Ipumennm cnencrsue 17.4 k pasuoctd f(X) — g(X).
Ona nmeeT 6eCKOHEYHO MHOTO HyJlell B p™Z, 1 NO3TOMY MpeACTaBAseTCs Hy-
JieBbIM psgoM. TakuM o6pa3soM, Bce KoahuuueHTh psinos f(X) u g(X) paBHbl,
T.e. ay, = b, mns Bcex n > 0.

DTO CBOHCTBO aHANIOTHYHO COOTBETCTBYIOLUM CBOMCTBAM CTeNEHHbIX PSiloB
C BelIeCTBEHHbIMH W/l KOMIJIEKCHBIMH KO3((HLIMEeHTaMH.,

Caencreue 17.7. [Tycmo cmenennoli pad f(X) = Y, a,X" cxodumcs

n>0
8 p"Ly. Ecau ¢ynkyus f(x) nepuoduueckasn, m.e. cywecmgyem ma-
Kas Koncmauwma © € p"Z,, umo f(x + 1) = f(x) daa scex x € p"Z,, mo
f(X) = const.

HoxasarteabctBso. Jlerko Buaets, uto dyukums f(x) — f(0) paBHa Hy-
JII0 B TOYKaX BHAa tn ans Beex n € Z. Tak xak 1 € p™Z,, a p™Z, ABnsercs
uaeanom, To nt € p™Z,. Takum obpasom, dpyHkuus f(x) — f(0) umeer Gec-
KOHEUHO MHOro HyJjeit B p™Z,, otkyaa cnenyet, uto f(X) — f(0) =0, T.e.
f(X) = const. O

DTOT pe3ysbTaT HeBepeH B KJACCHUECKOM CJjyuae, Koraa GYHKUHH CHHYC
1 KOCHHYC SIBJISIOTCS TEePHOMMUECKUMH M «LEJNBbIMH», T.€. 3aaloTCsl CTEreH-
HbIMH pSiIaMH, CXOASILLIMMHCS BO BceX TOuKax. [1pHuMHOi pa3nuuus siBisiercs,
KOHEeUHo, To 06CTOATeNbCTBO, UTO B ciyyae R unn C, ecan t— nepuon, To
BCe TOYKH BHIA NT He MOTYT MpHHAI/eXaThb OrpaHHUEHHOMY HHTepBaJly HJIH
Kpyry.

Caencreue 17.8. [Tycme f(X) = > a,X" — p-aduueckuii cmenennol

n20
pad, komopuiil aeasemcs yeavim, m.e. cxooumes npu scex x € Q,. Toeda

pynkyus f(x) umeem He b6oree uem cuemrnoe mHoxdcecmso Hyrel. boaee
Moeo, ecau MHONEeCmBo Hyrell BecKOHeuHO, mo OHO 0bpasyem MaKyio
nociedosamenbHocme {2,}, 4Mo |2,|, — 0o npu n — oo.
JokazaTtenbcTBOo. MHOXECTBO HyJiell B KaXX[I0OM OrpaHHUEHHOM Kpy-
re p"Z,, m € Z, KOHEUHO. O

YnpaxHeuus

61. Mcnonbays teopemy llITpaccmana, nokaxute, 4to MpH p # 2 paBeHCTBO
Inp(x) = O BbiNoHAETCS TOrAA M TOJbKO Torfa, koraa x = 1. ITokaxure, uto
npH p = 2 paBeHcTBO In,(x) = 0 BhIMOMHAGTCA TOMKA H TOJBKO TOrAa, KOraa
x ==l

62. Harinure o6sacTb CXOAUMOCTH U CKaXKHTe BCe, UTO MOXKETE, O HYJsX
CJIeNYIOIUHX p-aJHueCKHX CTeNeHHbIX PsiLoB:

1) > p7"X",

2) YontXx".
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63. C noMoliplo CTeneHHbIX PSLOB ONpeNenHTe p-afdueckie aHaJlorH CH-
HyCa M KOCHHYCa M HaiauTe WX o6jacTH CXOAMMOCTH. [TokaxkuTe, 4TO ecJu
p =1 (mod 4), To cyuectByeT Takoe i € Q,, uTo i2=—1 u ans Bcex x W3
o611ell 06/1aCTH CXOAMMOCTH BHIMOJIHSIETCS CJIeAYIOLee KIaCCHUECKOe COOTHO-
lLIeHHe:

exp,(ix) = cos,(x) + i siny(x).

§ 18. JlanbHeiune cBOMCTBA p-aJuyeCKUX IKCMOHEHT
u Jorapupmos

PaCCMOTpHM 06J1aCTb CXOAHMOCTH psana €pr, KOTOpasi HMEEeT BHI

L
D,={x€Zplx|lp<p P '}

Kak mbr yxxe Bunenu B § 15, eca p # 2, 10 D, = pZ, u Dy = 4Zy. Oto6pa-
KEHHs
exp,:Dp = 1+Dp u Ing:l+Dp,—D,

B3aUMHO 00paTHbl (npepioxkeHue 15.5). OCHOBHbIE CBOHACTBA 9KCMOHEHLHAb-
HO#H W noraprdMHuecKoit QYHKUHMI MOXKHO CHOPMY/IHPOBATL Ha sI3bIKE TEOPHH
TPy CRenylolHM 06pa3oM.
Mpennoxenne 18.1. Dynkyus p-aduueckuii ro2apugpm onpedessem
usomopgusm epynn
lnp: I + Dp — Dpy

ede | + D, paccmampusaemcs Kak epynna no ymuoxenurwo, a D, — kak
epynna no CAoxNCenurw; 0bpamuoin usomoppuamom ssisemcs omobpa-
HCeHue exp,.

Hoxasatenbctso. CHauana nposepum, uto | + D, siB/sieTCst MyJib-
THIIHKATHBHON TOArPYNNoi rpynnbi Z,. JT0 BbiTeKaeT U3 Toro, uto D, siBnsi-
ercs HueanoM B Zp: ecs X, Y € Dy, 10 x + y + xy € Z, , cnefoBaTebHO,
(I +x)(1 +y) € | + D,. OcraBiasicss yacTh ABJSETCSA NPAMBIM CJIEACTBHEM
npemsioxenus 15.5. ' (W

Caencreue 18.2. Myaomunaukamusnasn epynna 1 + D, ne umeem kpy-
4enus, m.e. He cyujecmsyem makoeo 4ucia X € 1 + Dy, x # 1, umo x™ =1
044 HeKOMOpPo2o HAMYPAALHO20 YUCAQ M.

HNokasatenbctBo. AnmutiBHas rpynna D, He HMeeT KpyueHws, TaK
Kak B none Q, u3 cootHowenus my = 0 caenyer, uto y =0, 0TKyaa H BbITeKaeT
Tpebyemoe yTBepKIeHHe. O

3ameuanus. 1. [lepsoe yTBepxieHue o3Hauaet, uto (yHKUHs In, ompe-
JleISieT B3aHMHO OJHO3HAUHOe COOTBETCTBHE Mexay rpynnamu | + D, u D),
npuyeM o6pa3 Npou3Be/ieHHs paBeH cyMMe 06pa3oB. B uacTHocTH, oToGpae-
HHe In, MHbEKTHBHO, T.e. He CyllecTByeT ABYX uHcesn B | + D,, y KoTopbix
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3Hayenusi In, Oblin Obl paBHB. 3aMeTuM, uto | + D, sABAAeTCA MaKcHMaJb-
HbIM KPYroM, B KOTOPOM oToGpakeHHe In, nHbekTHBHO. [leficTBUTEbHO, 115
p # 2 mHoxecTBO | 4+ D, siBAsileTcsl 06/1aCTbI0 CXOMMMOCTH (yHKLMH In,, no-
3TOMY JOCTATOYHO paccMOTpeTb ciydail p = 2. Kak Mbl yXe BUIeJH (NpH-
mep 15.7), |—1 — 1]o = 1/2, nosromy uucsio —1 jexuT B MHOKecTBe | + 27Zo,
sIBAsIOLIEMCS 06/1acTbIO onpefiesieHHsl QYHKUMK INg, HO He JIEKHT B MHOXe-
ctBe | + Do = 1 4 4Zy, sBasioiemcs 061acTbio onpejeneHHs GyHKLUHH eXpo.
C apyro# ctoponsl, Ing(1) = Ing(—1) = 0, no3ToMy, KaK TOJILKO Mbl [IOKHIAEM
1 + Do, HHBEKTHBHOCTb MPOMNAajaer.

2. OtoT u3oMophH3M aHaJoryeH TOMy, KOTOpbIil HMeeT MecTo B Belile-
CTBEHHOM CJlydae, KOrzia log 1 exp onpezensiior B3aHMHO 06paTHble H30MOP(H3-
Mbl MEXIY TPYMMOH MOJOXKHTEJbHbIX N€ACTBUTENbHBIX YHCEN 10 YMHOXKEHHIO H
rpynmnoii Bcex NeHCTBUTEJbHBIX UHCEN MO CJOXKEHHUIO.

Ho okasbiBaeTcsi, H 3T0 0COGEHHO HHTEPECHO, UTO IKCIIOHEHTA SIBASIETCS
uomerpueit! Uto6bl 3TO J0Ka3aTb, HaM NMOHALOGHTCS CJelylollee NpeasoxKe-
HHe.

Mpennoxenne 18.3. aa aoboeo x € D, umeiom mecmo credywoujue
COOMHOUEHU:

1) Jexp, ()], = 1;

9) |Iny (1 + )|, = |2,

3) |1 — exp,(x)] = |xl,.

HokasarenbcTBo. [ns Jqo6oro HaTypajbHOro uucia n 2 | nMeeM
Sn 2 1 (cymma p-aanueckux wicp udcaa n). Torna

n—-3S, n—1

=
ord,(n!) — < —
__1
C npyro#t ctoponsl, ord,(n) < ord,(a!). Tlyctb r, = p »=1 — panuyc Kpy-
ra D,. Torna
n—1

[nlp = |n!, > p 1= rz—l

M

X"
n

X" X n—1
<[ial, < (58) o < el <1
P Hp P

npun>22u0<|x|, <rp.
CaoiicTBo paBHOGeIpeHHOrO TPEYroJibHHKA (npeioxkenue 2.11) MoxHo ne-
pecopMmy.1MpoBaTh CJielyoLUM 06pasoM:

lalp, > |blp, = |la + b|, = |a], (nobexcdaem curvreduiuii!)
MoxHo HanucaTb
(e o] x”
exp,(x) =1+x+ Zm
n=2
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Tak Kak
oo

=1 n |x+> 5| <1,
n=2 .p

nmeeM |exp,(x)|, = 1. Ananornuno nosnyuaem
Inp(1 +x)]p =1x|p, n [l —exp,(x)|, = |x],

4TO W TpPeOGOBaJOCh 10Ka3aTb. O
3ameuanne 18.4. [TonyTHo Mbl nostydusin 6oJiee KOPOTKOE 10KA3aTeNbCTBO
OLEHOK M3 npemioxeHus 15.5.
Caencreue 18.5. Omobpasxcenus

exp,:Dp—=1+Dp, u Inp:1+Dp— Dy

ABARAIOMCA USOMEMPUAMLL.
HokasatenbcTso. [lycts x, y € D,. Torna

lexp,(x) —exp,(9)|p = |exp,(v)|plexp,(x —y) = 1|, =
= lexp,(x —y) — 1|p = |x — ylp,

OTKylla cJieJlyeT M30MEeTPUUYHOCTb 3KCMOHEeHThl. Tak Kak expp(lnp(l +x)) =
=1+ x, uMeem

[Inp(1+x) —Inp(1 + 9)|p =[(1 +x) = (1 + 9)|p, = |x =y,

OTKyZla CJiellyeT H30MEeTPHUHOCTb Jiorapugma. d

B saBepuenue s1oro naparpaa nokaxem, 4to exp,(x) u In,(x) ynossne-
TBOPSIOT TeM ke caMbiM M depeHIHalbHbIM ypaBHEHUSIM, UTO W HX Belile-
CTBEHHblE aHAJIOTH:

exp),(x) = exp,(x) # ln;,(x)=%

B COOTBETCTBYIOLLMX 06J1aCTSX CXOMMMOCTH.

CHayana HanoMHHM OrpejeJieHHe MPOU3BOAHON (B KOHTEKCTe p-ajHuec-
KOrO aHaJu3a).

Onpenenenne 18.6. Ilyctb X C Qp, a € X — npepesibhasi Touka MHOKe-
crBa X. ®yukums f: X — Q, nasbiBaetcs duppepenyupyenoi 8 mouxe a,
ecsiM cylulecTByeT npousBoHas f’(a) dyHKuuu f B Touke a, paBHas

lim f(x) — f(a).

x—a X —a
Gyukumnsa f: X — Q, nasbiBaeTcst Jugpdpepenyupyemoii na mroxecmse X,
ecau f'(a) cyulecTByeT B Kax 10l Touke a € X.
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3ameTuM, 4TO onpejesieHHe MPOM3BOAHONA MMeET CMbIC, TaK Kak Q, siB-
JisieTcsl HOpMHPOBaHHBIM noJieM. [1ponsBonnas obsanaer cneny}oumMM CTaH-
JapTHBIMH CBOMCTBaMH.

1. Xopoluo H3BecTHble npaBu/ia AU (hepeHIMpOBaHHs CyMMb, IPOM3Be/e-
HH$l, YaCTHOTO M KOMITO3HLIMK nepeHocsTcs 6e3 KaKux—m4”6o 3aTpyJAHEHHH.

2. Kak csienctsre, nponssonnasi MHorousiena P(x) = 3 a;x' pana P'(x) =

i=0
= Zta xi=t

3 PauyoHasbhble (yHKUMH (YaCcTHOE IBYX MHOTOUJIEHOB) AuddepeHLupy-
eMbl.

4. Nuddepenurpyemble GpyHKLHH HeNpPepbIBHBI.
Mbl yxe 1oKasanu (cM. npepnoxenne 14.7), uto ecau f(X Z a X" —

CTeneHHOH psj, To ero hopmanbHasi npousBonHas D f(X) Z na,,X”_l 1MeeT
=1
TOT K€ CaMblii palyC CXOAMMOCTH, YTO M caM psii. Kak W B BELLECTBEHHOM

WK KOMIJIEKCHOM, cilyuae, (hopMasbHblil crenenHoil psan Df(X) npencrasasier
npousBoaHyio f'(x) B 06J1aCTH CXOIAMMOCTH.
lNMpeanoxenne 18.7. Paccmompum cmenenroii pso

= a,X" € Q,[X],

n=0
u npedonosoxcum, umo pao f(x) Z apx" cxo0umca 8 OMKpLLMom wape

U C Q,. Toeda pynryusn f(x) duduﬁepeuqupye)ua 8 U u oas scex x € U
BbLNOAHACMCS PABEHCMBO

f(x) = Z na,x"!.
n=1

Boaee moeo, pynxyus f(x) umeem 8 U npoussodnoie scex nopadkos, Ko-
mopoie packaadolsaomcs 8 padsl credyrouum o6pa3om:

o0
18 (x) = k! Z(Z)a”x”‘k.
n=k
Koagpguyuenmor ucxo0Hoeo cmenenHno20 paoda MONHO B6LYUCAUMb NO
cAedyrouum popmyram:
f*(0)
BT TR
Tenepb Mbl MOXEM BbIYHCJIMTb NPOU3BOAHbIE (DYHKLHKI exp, 1 In, ¢ nomo-
b0 PA3JIOXKEHHI B CTENEHHbIe PSAMbI.
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Mpeanoxenne 18.8. 1. Pynxyus exp, dupppepenyupyena 6 Dy u

exp’, (x) = exp , (x).

2. Qynkyua In, oupepenyupyema 8 1 + pZy, u

JlokaszaTteabcTso. [lefdcTBHTENBHO,

i 1

nxn—- xn—l
exp),(x) = Z — = Z e exp,,(x).
n=1 n=1
AHasoryso
- " — 1y 1
0 = Sy SRt gyt 2 L

n=1 n=1

KaK M YTBEpXK/ajioCh. O

Tenepb ¢ noMolbl0 p-aguyecKHX JorapuMoB ONpenesnM, Kakie NpHUMH-
THBHblE KODHH M3 €IMHHLIbI CTENEHH P MOXKHO M3BJieub B Z,.

Teopema 18.9. [Ipumumueroie kopHu u3 edunuyo. cmenenu p" He npu-
nadaexcam Qp, 3a uckaouenuen caywaa p =2, an = 1.

NlokaszaTenbcTso. [lycth p#2ux?" =1.Torna x|, =1, T.e. x €Ly,
1 nepBasi LKdpa xp YHCaa X yNOBIETBOPSIET CPABHEHHIO xon =1 (mod p). On-
HAKO MOPSIOK KAXKAOTO 3JIeMeHTa MyJbLTHIIMKATUBHOM rpynnbl (Z/pZ)* nos-
JKEH IeJIMTh MOPSLAOK caMoit rpynmsl, T.€. unedo (p — 1). OTclona cienyer, 4To
xo=1unx €l + pZ, V3 unbekrusHocTH yHKUMH In, (npemnoxenue 18.1)
CIelyeT, 4TO eIMHCTBEHHbIM KODHEM ypaBHEeHHs In,(x) =0 aBnsercs x = 1.
Tak Kak x”" = 1, nosyuaem

0=Inp(1) = ln,,(x”") = p"lInp(x), sHauur, In,(x) =0,

oTKyna x = l.
Onnako B ciydae p = 2 nmeeM Ing(—1) = Ing(1) = 0 (cM. npumep 15.7), u

aHa/NOTHUHBIE PACCYyXK/IEHHS NOKA3bIBAIOT, UTO, XOTA X = —| ABJISIETCS HETPHBH-
aibHbIM KBaJpaTHbIM KopHeM K3 1 B Qg, B (P2 He CylueCcTByeT HETPUBHANbHBIX
KOpHeH U3 eflMHHULbl cTeneHy 2" npu n > 1. O
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[hasa 4

p-aduyeckue pyHKyuu

§ 19. JlokaabHO NocToAHHbIE HYHKLHUH

B 3akstounTenbHON yacTH HalLMX JIEKUWH Mbl U3yuUM p-aquueckue (yHK-
UMK p-aauueckoro nepemexHoro. Hanomunm onpenenenwe 12.6 mis cayyas
X =1Z,,Y =Qp, ecnu 1Ba NOCJA€IHHX NPOCTPAHCTBA CHAGKEHbI p-aHueCcKOH
METPHKOH.

Onpenenenne 19.1. dyuxums f:Z, — Q, HasbiBaeTcs HenpepoleHOl 6
mouKke a € Z,, ecan aas mo6oro € > 0 cyuectsyer Takoe 8 > 0, yto mns
JI060r0 X € Z,, yIOBNETBOPAIOLIEr0 HEPABEHCTBY |x — a|, < 8, BbINONHEHO
HepaBeHCTBo |f(x) — f(a)|, <e.

Gyukuns f:Z, — Q, Ha3blBaeTCs HenpepoLeHOIl, ecii OHa HenpepbiBHa B
KaXK0i Touke a € Z,,.

Gynkuna f:Z, — Q, Ha3bIBaeTC PABHOMEPHO HENPEPbIBHOL, eClU 1S
Jto6oro € > 0 cyuiectyer Takoe & > 0, yto /s J06bIX X, Y € Z,, YIOBJIETBO-
PSIIOLLIMX HEPABEHCTBY |X — |, < 8, BbINOJIHEHO HepaBeHCTBoO | f(x) — f(y)|, <3.

Mpumep 19.2. Tak Kak npocTpaHCcTBO Z, BNOJIHE HECBA3HO, XapaKmepu-
cmuueckan ¢ynxyus moboro wapa U € Z,, uMmerolias BUA

1, ecsiux €U,

Sulx) = {0, ecni x € Z, \ U

HenmpepblBHA. DTO OYEBHIHO, TaK Kak caM wwap U u ero ponoauenne Z, \ U
SIBJISIIOTCS OTKPBITHIMH MHOXKECTBaMH.

DTO NOHSATHE MOXKHO 0GOGIUTH CJENYIOLHM 06Pa3oM.

Onpeneaenne 19.3. Syukuus f: Z, — Q, Ha3blBaeTCs L0KAALHO NOCMO-
AHHOI, ecan ISl KaXIOoro x € Z, CyLIecTByeT Takasi OKpecTHocTb Uy 3 x
(HanpuMep, Wap ¢ LEHTPOM B TOuKe x pamuyca p~™ ans Hekotoporo m € N,
{y €Zpy:|x — ylp, < p~™}), uto dynkuus f nocrosinua B Uy.

3ameuanue 19.4. Jloka/bHO MOCTOSHHBIMH (YHKUMSIMH Ha R WM Ha HH-
TepBaJie (MUK Ha JI0OOM CBSI3HOM MPOCTPAHCTBE) SBJISIOTCH KOHCTAHTbI U TOJIb-
KO OHH.

[pennoxenne 19.5. Jlokareno nocmosanHeie hyHKyuu Henpepol8HoL.

HokasarteabcTBo. OueBHAHO U3 ONpeeseHHsl. 0O

Chenyloliee yTBepx/eHHe BbITEKAeT M3 KOMMAKTHOCTH MpPOCTPaHCTBA Z,
(reopema 4.6).



Mpeanoxenne 19.6. [Iycmo [:Z, — Q, — 20Ka1bHO nOCMOAHHAA
pynrkyus. Toeda Z, moxHO npedcmasums 8 sude KoHeuH020 00vedune-

HUs
k
z, =\,
i=1

MAKUX NONAPHO Henepecekaouuxcs mapos, 4mo Gyukyus f nocmoanna
8 KaxOom u3 amux wapos. B wacmnocmu, mroscecmso {f(x): x € Z,} scex
3Ha4erull pynkyuu f cocmoum u3 KOHEUHO20 HUCAQ INCMEHMOB.

HokasareabcTBo. PaccMorpum MHoXecTBo Beex wapos U, u3 onpe-
IeNleHHs] JIOKabHO MOCTOsIHHOM (yHKUMH. Bee Takue 1wapbl 06pasyioT OTKpbI-
TOe MOKpbITHE NPOCTPaHCTBA Z,. Tak Kak NpoCTPaHCTBO Z, KOMNAaKTHO, 3TO
TMOKPbITHE COAEPKHT KOHeuHoe noanokpeitve Uy, ..., Uy,. Hanomuum, uro
JIBa 11apa B YJbTPaMeTPHYECKOM MpPOCTPAHCTBe JHGO He nepecekaiotcsi, W60
OlMH COIEPKHUTCS B IPYrOM, O3TOMY, €CJIH YIaJHTh LIapbl, COAepKallHecs B
ApPYTHX 11apax, MoJyynuTCsl MOKPBITHE NPOCTPaHCTBA Z, NONApHO He NnepeceKa-
IOLLIMMHCS LIapaMH. O

Caencreue 19.7. Jliobas 10KkarbHO NOCMOAHHAA GyHKYUs, onpede-
AeHHas Ha Ly, PABHOMEPHO HenpepuleHa.

HokaszarteabcTBo. [lyets p~™ — pamuyc wapa Uy,, i = 1,2, ..., &,
1 m = max m;. [TokaxeM, uto 8 = p~™ siBnsieTcs HKCKOMBIM A5 Jito6oro ¢ > 0.

1

B camom nene, nycts |x — y|, < p~™. Tak Kak x € Uy, a1 HekoToporo i
KaXk/1ast TOYKa 1apa siBAsieTCs ero LleHTPOM, MOXKHO CUMTaTh, UTo X = x;. Torza
i —ylp < p~™ < p~™, Te () = f() = f(x). O

MHoxecTBO Z, CONePXKHT NOAMHOXKeCTBO N HaTypa/bHbIX 4uces U MOA-
MHOXeCTBO Z LieJIbIX uicesi, KOTopble MJIOTHbl B Z, (Teopema 11.11), noatomy
HHorzna Mbl 6ynem paccmaTpuath GyHKUMH U3 N B Q,, 3 Z B Q, u, BooOlLe,
s £ — Qp, rne £ CZ,.

Onpenenenne 19.8. IlycTb £ — n0oAMHOXKECTBO NPOCTPAHCTBA Z , He 0651~
3aTe/ibHO KomnakTHoe. ®yukuusa f: E — Q, Ha3biBaeTCsl KYCOUHO NOCMOAH-
Hot Ha E, ecau cyllecTByeT Takoe HaTypasibHO€ YHCJO f, UTO

f(x) = f(xo) mna Bcex Takux x, xo € E, uto |x — x|, < p~

HanmeHblee uenoe yucsio ¢, 1Jisi KOTOPOro BBIOJHEHO 3TO YCJOBHE, HA3biBa-
ercst nopadkom GyHKUMH f.

W3 onpenenenust sicHO, 4Mo KYcOUHO NOCMOAHKHAA HYHKYUA PABHOMED-
HO HenpepuleHa u A0KAAbHO NOCMOAHHA HaA E.

Jlast KaXkporo HaTtypasibHOro uncsa ¢ mocTpouM pasbueHue MHoxKecTBa E
caenyoumm o6pasom. [Monoxkum N, = {0, 1, 2, ..., p! — 1}. Ilas Kaxporo
X € Z, HanulieM KaHOHHYECKOe pasJoxKeHHe

x=x0+x|p+...+x,_|p'_ + ...
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U NOJIO2KHM
Ne=xo+x1p+...+x_p~" (19.1)

Torma N, € Ny u
lx — Nyl, < p". (19.2)

st kaxkaoro N € Ny noJioxum
ENy=ENUWN, 1), rtaeUN,t)y={x€Zy|x—N|,<p ' <p i+

Mbl yxe BHIENH, YTO KaXKI0€ YHC/IO X € Z, NPHHALNEKHT HEKOTOPOMY Lla-
py U(N, t), n, tak kak mns mwo6bix N, M € N; BbINosHEHO HepaBeHCTBO
IN — M|, > p~*, wapbt U(N, ) nonapho He nepecekaiorcsi. Taknm 06pasom,
noJiyyaeM pasbueHne MHOXKecTBa £

p'—1
E=|]J EWN). (19.3)
N=0

Tenepb Mbl MoXXeM 10Ka3aTb CJELyIOLLylO JAOBOJIBHO HEOXKHAAHHYIO TeopeMy.

Teopema 19.9. Jiwbas kycouno nocmoannas ¢ynkyus Ha N uiu Z,
A645€mcs nepuoouUecKoll.

Hokasateabcto. [lyctb £ =N wmm Z,, u nycts f: £ — Q, —ky-
COYHO MOCTOsIHHAS (DYHKUMS nopsiaka {. PaccMoTpuM omucaHHoe Bbllle pas-
6uenue (19.3) muoxectsa E. Ecau x, y € E(N), To, npuMeHsisi CHJIbHOE Hepa-
BEHCTBO TPEYroJibHHKa, nMeeM |x — y|, =|(x — N) + (N — y)|, < p~, caieno-
BaTe/bHO, f(x) = f(y). 3ameTum, uto ecan x € E(N), 10 x + p' € E(N). Takum
o6pasom,

f(x + p') = f(x) nnsBeex x € E,

T.e. QyHKUMA [ ABAsieTCS MepHOIHYECKOH. O

B BelllecTBeHHOM aHa/i3e eCTh TeOpeMa, KOTopasi yTBEepIK/aeT, yTo BCsAKas
(byHKUHS, HenpepbiBHAsI HA OTPe3Ke, MOXKeT ObITb PABHOMEPHO NMPHOJIHKEHa C
J106OI TOYHOCTBIO KYCOUHO MOCTOSIHHON (DYHKUWeH. AHaJOrMYHbI pesyJbTaT
¥MeeT MeCTO M AIsl p-aJuuecKnuX QyHKUMHA. 31ech faxe eCTb JOMONHHTENIbHO
NpeHMyLIeCTBO: B p-afMyeCcKOM CJlydae KyCOYHO MOCTOsIHHbIE (PYHKLHMH Herpe-
PBIBHbI.

Teopema 19.10. /Tycmo E =N uau Z,. Pynkyua f: E — Q, pasnomepro
HenpepoleHa Ha E moeda u moabko moeda, koeda 0 Kaxdoeo Hamy-
PAALHO2O HUCAQ S CYUWECMBYIOM maKkoe HamypasoHoe 4ucio t = £(s) u
maxas KYcouyrHo nocmoanuas Gyukyus S:E — Q, nopadka ne svuwe t,
4mo

[f(x) = S(x)|p < p~° 04 wmoboco x € E. (19.4)
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HokasaTedabcTso. [Ipennonoxnm, uto pyHKUMH f 1 S yrnoBneTBOPSIOT
HepaserctBy (19.4). Ecau x( yaoB/eTBOpsieT HepaBeHCTBY

|X - xOIP < p_tv

TO
S(x) = S(xo), |f(x) =S, < p~°,  |[(x0) = S(xo)l, < p°,

H Toraa

[f(x) = fxo)lp = [(F(x) = S(x)) = (J(x0) = S(x0)l, < p~°,

OTKyJla CJIeflyeT paBHOMEpHasi HelpepbLIBHOCTb QYHKUMH f.

OG6paTHo, NpeinosoxuM, uto GyHKUMsS [ paBHOMepHO HenmpepbiBHA Ha E.
Torna anst mo6oro HaTypasibHOTO YKCJIA S CYLIECTBYET TAKOE HATypasibHOE YHC-
Jo ¢t = £(s), uto

[f(x) — f(xo)|p < p~°, ecamx,xo€ Eulx —xol, < p~". (19.5)
Onpenennm dynkumio S: E — Q, cienyiomum o6pasom:
S(x) = f(Ny), ecmmx€E,

rae uncao N, onpenensiercst cootHoulenueM (19.1). Torma S aBAsieTcst KycouHo
NOCTOSIHHON (pyHKUMel nopsinka He Bblle f. V3 HepaBeHctB (19.2) u (19.5)
nmMeeM

[1x) = S, = 1f(x) = (N, < p7°,
yTo ¥ TpeGOBaJIOCh IOKa3aTh. O

¥YnpaxHenus

B NepBbIX TPEX 3ajauax npeanoJsaraercs, 4YTo YUCJO0 X ABJISIETCS] /IEMEHTOM
KOJibLia Zp U 3anuCaHO B KAHOHHYECKOM BHIE

x=xo+x1p+x2p2+...,

r7ie KO3(QQHLHEHTH! X, ABJSIOTCS p-afuueckumu undpamu 0, 1,2, ..., p — 1.
64. Onpenesnure, ABAAIOTCH JM CJefylolde QYHKUMY paBHOMEPHO Hernpe-
pbIBHbIMH Ha N U1 HENpPepLIBHbIMH Ha Z,:
1) f(x) = xo + x1x9;
2) f(x) = P(xo, x1, x3), rie P — mHorousieH ¢ Koadduumentamu B Zp;
3 1 = {

I, ecan xg = 0,
x/xg, ecau xg # 0.
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65. SIBasiioTest s KakHe-TO (YHKIMH U3 yNpaxHeHns 64 JIOKajibHO NocTo-
SIHHBIMH HJIH KyCOUHO MOCTOsIHHbIMU? OTBeT oéocnyﬁre

66. Kakue u3 caemyowmx aByx ¢yHkumi f(x) = Z Xn, f(x) = Z xpn!

HENpPepbIBHbI? JIOKa/bHO MOCTOsIHHLI Ha N?
67. Tlyctb dynkuus f:Z, — Q, onpenensiercsi cieayounM o6pasoM:

fx {O ecau x = 0,
)= 1/|x],, ecan x # 0.

slBaisieTcs in PyHKUMS [ HeNpepBIBHOM? JIOKAMbHO NOCTOSIHHOM Ha Z,?

§ 20. HenpepbiBHble 1 PABHOMEPHO HeNpepbIBHbIE
dbyHKUMK

IMycte E C Z, v xo € E — npenenbHas Touka MHOxecTBa E. Tlepeuncanm
HEKOTOpble CBOKCTBA (ByHKLUE, HeNpepbiBHbIX Ha E.

Teopema 20.1. /Tycmo f.E — Qp, g E — Q).

1) @yukyusn f nenpeposrna 8 mouke xy € E mozda u moavko moeda,
Koeda 0as wmoboii makoi nocaedosamesvnocmu {x,}, umo lim x, = xo,
BOLNOAHACMCA PABEHCMBO e

Jim fxa) = flxo).

2) Ecau @ynxyuu f u g nenpepoisror 8 mouke xg € E, mo ¢pynxyuu
f+ g, [— gufg makmue nenpepogrol 8 a3moii mouke. Ecau, kpone moeo,
g(x0) # 0, mo pynxyusa f/g maxae HenpepoisHa 8 mouke Xy.

Jloka3aTe/nbCTBO, TOYHO TaKOe »Ke, KAK M B BELLECTBEHHOM CJyuae, Mbl
ocTaBisieM 4YHTarenio. Tenepb NpHBeNeM HECKONLKO MPHMEPOB Pa3pbIBHBIX
(yHKUHH.

Mpumep 20.2. Tlycts dynkums f: N — Q, onpenensiercs caenyiouieit dop-
MyJI0H:

f(x) =

rie ¢ € Z,. Eciv ¢ € N, To sHameHaTesib He obpalaeTcst B Hyqb Ha N v no
TeopeMe 20.1 ¢yHkuus f HenmpepbiBHa Ha N (HO He paBHOMEPHO HeMpepbiB-
Ha — MoXKeTe JIH Bbl 3T0 J0Ka3atb?). OnHako ¢yHkums f He orpaHnueHa Ha N.
IleficTBUTENLHO, TaK Kak C sIBJISIETCs Le/bIM p-aqHuyecKHM YHCJIOM, CYLeCTBY-
IOT TaKMe HaTypajbHble UHC/a X, YTO HOPMa |Xx — ¢|, CKOJIb YTOIHO Mana, H
nosromy Hopma |f(x)|, ckonb yromHo Bearka. Ecomvi ¢ € N, To dyskums f pas-
PbIBHA B TOUKe C.
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Mpumep 20.3. Cnenytounie npuMepbl HCMOJb3YIOT CrieUMdHKY p-aande-
CKHMX YHCeJ M, Ha NepPBbIH B3MISAL, He MOXOXKH Ha MPUMepbl H3 BeLLECTBEHHOTO
ananusa. OnHako, OKasblBaeTcs, BeleCTBEHHblE aHAJOrH y 3THX NPUMePOB
BCe-TaKH ecTb. Mbl BepHeMmcsl K 3ToMy Bonpocy B §21. PaccMoTpum Takyio
GeCKOHEYHO MaJlylo NOC/Ie0BaTeNbHOCTb LeNbIX p-afiHuecKHX unces {a,}, uto
a, # 0 nasa Bcex n. Mo 3T0off noc/enoBaTeNbHOCTH MOCTPOUM JBe (DYHKLMH
f1:Zp = Qp u fo:Z, — Qp cienyouym 06pasom:

ay, ecad x €N,
filx) =
0, ecanx &N (Ho x € Zp),

ay, ecan x € N,
I, ecanx &N (Ho x € Z)).

falx) = {

O6e ¢yHKuMH f; 1 fo paspbiBHbl B Toukax U3 N. UTo6bl B 3TOM yGenuThCs,
BO3bMeM MpOH3BOJIbHOE yncdo ¥ € N, torna lim (x + p")=x u
n—oo

lim fi(x + p") = lim ayyp, =0,
n—oo n—oo

TaK Kak BTOpasi N0CJ/1eJ0BaTe/IbHOCTD SIBJSIETCS MOANOCAE0BATENbHOCTbIO Gec-
KOHEUYHO MaJiod nocjiefnoBatenbHoctd. OnHako f(x) = a, # 0, v anasnoruuHoe
yTBep KIeHHe BEpHO AN fo.

IlokaxeMm, uTo GyHKUHsI f| HenpepbiBHA BO BeeX TouKax x € Z, \ N. B ca-
MOM Jlefie, BO3bMeM JiloOyl0 MOC/ef0BaTebHOCTb X, — X, W NmycTb {x, } —
NMoJnoc/eN0BaTe/IbHOCTD, coaepxkaiasics B N. Torna a,, — 0, kak noanocie-
JI0BaTe/IbHOCTb GECKOHEYHO MaJloil MOoCJ/el0BaTeNbHOCTH, H, CJIEN0BATENLHO,
f1(xa) — 0.

®ynkuua fo paspbiBHa BO BCeX TOYKAX MHOXKeCTBa Z,. JleficTBUTE/NbHO,
ecnn x € Zp \ N, Bo3bMeM TaKylo MOC/e0BaTebHOCTb {X,}, COCTOALLYIO M3
HaTypaJbHbIX UHcel, 4To X, — x. Torma fo(x,) — 0, Ho fo(x) =1 # 0.

Tak xaxk MHOXeCTBO Z, KOMNAKTHO, UMeeT MeCTO cJelyiollias Teopema
(cp. [9], Teopema 4.19). '

Teopema 20.4. Kamoas ¢pynkyua [:Z, — Q,, nenpepoignas na Z,,
PABHOMEPHO HENPepblBHA U O2PAHILUEHA.

Jlokaxem Tenepb cienyloLLyto BaxHyIo TeopeMy. Mbl BOCNOJib3yeMcsi elo B
ciyuae £ = N (torna 3ambikanme E coBnagaer ¢ Zp).

Teopema 20.5. [Tycmo E — nodmnoxecmso mnomecmea Z,, a E —
eeo 3amoikanue. llycmo ¢pynxyus f:E — Q, pasHomepro Henpepwigra
Ha E. Toeda cywecmeyem eduncmeennas pynxyusn FE— Qp, pasro-
MEPHO HenpepuleHas u oepanuyertas Ha E u makas, umo

F(x) = f(x), ecau x € E.
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HNokasateabcTso. [lyct X € E. Torna B E cyuiecTByeT Takast nocJe-
JIOBATENbHOCTD {X,}, UTO
X, — X npun — oo. (20.1)

([pencraeasier unrepec TosbKo cayuait X € E.) Tak Kak ¢yHKuust f paBHO-
MepHO HenpepbiBHa Ha E, 1js /M060ro HaTypasbHOTO uWc/a S CYLIeCTBYeT
Ipyroe HaTypajbHOe YHcJo ! = {(S), L1 KOTOPOrO BbIMOJHSETCS HepaBeH-
ctBo (19.5). CorstacHo cootHoulenuto (20.1) cyuiecTByeT Takoe HaTypaJibHOe
uucsao N = N(t), uto
|, = X|, < p~" npun=N.
Torna nast n, m > N umeem
—t
[xm — xnlp = |(xm = X) = (xa = X)|, < p
1 u3 (19.5) nonyuaem
N
|f(xm) — F(xa)lp < p
710 o3Hauaer, uto {f(x,)} — p-annueckas nocienoparenbHocth Kowru. [lycrs
L= lim f(x,) — ee mpexen.
n—o00

Jlerko BUeTb, 4TO 3TOT Npefiest He 3aBUCHT OT BbIGOpA NOC/E0BATENbHOCTH
Xn — X. IleficTBUTENBHO, MyCTh {X,} — Apyrasi noc/ief0BaTebHOCTb H X;, — X.
Torza nocsienoBatenbHOCTD {x, — X, } 6ECKOHEYHO MaJla H, TaK KaK QyHKuMs f

paBHOMEpPHO HeMpepbIBHA, Moc/enoBaTebHOCTb {f(x,) — f(x),)} TakKe Gecko-
HEUHO MaJia;, HO OTCIOfA CJIeIyeT, YTo

L= lim f(x]).
n—oo
Takum 06pasoM, dynkiws F: E — Q,, 3anannas dhopmy.ioi
F(X) = lim f(xn)
n—oo
npn X €eEulX = lim Xn, Xp € E, onpenenena KoppekTHo.

[Tokaxem, uto q)yHKuuﬂ F paBHOMepHO HenpepbiBHa Ha E. HyCTb napa
Touek X u Xo u3 E ynosnersopsier nepasenctsy |X — Xo|, < p~'. Buibepem
B E TOUKH x M x( Tak, uToGbl BbIMOMHAIMCH HEPABEHCTBA

lx—=Xl,<p™', |xo—Xol, <p~',
[fCe) = FX)|p < p™° | f(x0) — F(Xo)|p, < p7°
Torna
lx — xolp = |(x = X) + (X — Xo) — (xo — Xo)|, < p~',

u u3 (19.5) umeem |f(x) — f(xo)|, < p~°. Takum o6pasom,
|F(X) — F(Xo)|p = | — (f(x) — F(X)) + (f(x) — [(x0)) + (f(x0) — F(Xo))|p < p~7,
TeM caMbiM, paBHOMepHas HenpepblBHOCTb F Ha E 1oKasaHa.
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IlokaxkeM, HaKoHell, uTOo (yHKuus F orpaHuuyeHa Ha E. IleHCTBHTE/bHO,

B MPOTHBHOM CJ/lyyae Hauwiach Obl Takass GecKoHeuHasi MocJ/e0oBaTe/bHOCTb
{X,} C E, uro

lim |F(Xp)|p = oo. (20.2)

n—oo
Tak Kak E, a 3uauut, H E, ABASIOTCS NMOAMHOMKECTBAMH KOMIAKTHOMO MHO-
XKecTBa Zp, HaleTCs Takasi NOAMOC/eNOoBaTeNbHOCTb {X,, }, uTO cyulecTByeT
npezen

X() = lim Xr”.
n—oo

[TockoJibKy BCe 4/ieHbl 3TOH MOANOCE0BATENbHOCTH NPHHatexar £, a MHO-
xkecTBO E 3amknyro, Xo € E. Kak Mbl yxe 3HaeM, QyHKUMS [ paBHOMEPHO
HenpepbiBHa Ha E, a 3HauuT, W HenpepbiBHA B Touke Xo. OTcloga nosnydaem

lim F(X,,) = F(Xo),

n—oo

YTO MPOTHBOPEUUT ycoBHio (20.2).

Uro6bl 10Ka3aTh €IUHCTBEHHOCTb (GYHKUMH F, NpeanosoKuM, uTo cylle-
cTByeT apyrasi GyHKuust F* ¢ Temu ke cBoiicTBamu. Torna passocts F — F*
paBHOMepHO HenpepbiBHA Ha E M TOXIecTBeHHO paBHa Hyaio Ha E. Tak Kak
MHO3KecTBO £ MioTHO B E, N0 HenpepbiBHOCTH (yHKUMA F — F* TakkKe TOX-
JIleCTBEHHO PaBHa HyJio Ha E. O

§ 21. Touku pa3pbiBa u Teopema bapa o Kareropuu

®ynkuus f; W3 npumepa 20.3 WMeeT GJM3KUI aHAJIOT B BELLECTBEHHOM
aHanuse, 3TO Tak HasbiBaeMasi ¢ynkyus Pumana r:R — R, Kotopas onpe-
JeasieTcs cielylolM 06pa3oM:

) 1/q, ecnu yucsio x pauuoHanbHoe, x = p/q, (p, q) =1,
r(x) =
0, €CJIM YUCJIO X HPpaLHOHA/bHOE.

Ota (yHKUKS HempepbiBHA BO BceX MPpalMOHAJbHBIX TOUKAX M pa3pblBHA BO
Bcex pauuoHanbHbiX. PyHkuus fo 13 npumepa 20.3 Takke UMeeT neHcTBHTENb-
Hbiil aHajor (cM. ympaxkHeHHe 68) — (yHKLHMIO, pa3pbiBHYI0 BO BCeX TOUKax
mMHoxkecTBa R. JIpyruM npuMepoM ¢pyHKLHH, pa3pbiBHOH BO BCEX TOYKAX MHO-
xKectBa R, sIB/IsieTCS] XapaKTepHCTHYECKAasi MHOXKECTBA pPalMOHANbHBIX YHCell
WK ¢yuxyus Jdupuxae:

( ) 1, €CJIM YHUCJ0 X pallMOHaJlbHOE,
X) =
XQ 0, ecqu yMcao x UppalUKMOHANbHOE.

Bo3HHKaeT ecTecTBEHHbIN BOMPOC: CYLLECTBYET JIM BellecTBeHHas (hyHK-
LMs, paspblBHasi BO BCeX MPPALMOHANBHBIX TOUKAX M HeNpepblBHAs BO BCeX
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pauKMoHa/bHLIX? AHAJOTHUHBIN BOMPOC: CYLUECTBYET JH p-aauvyecKas (yHK-
UM, pa3pbiBHas BO BCeX Toukax M3 Z, \ N M HempepbiBHast BO BCeX TOYKax
3 N? OrBer Ha 06a 3TH Bomnpoca oTpuuareibHbli. [IpuunHa 3TOrO — Teo-
pema bBapa o kateropuu, KoTopasi BepHa s J1060r0 MOJIHOTO METPHYECKOro
NPOCTPAHCTBA.

[yers (X, p) — Merpuueckoe npoctpancTBo. [1ycTs G 0o603HauaeT cemeli-
CTBO BCE€X OTKPBITHIX MOJAMHOXECTB MHOXecTBa X, a F 0603HauyaeT ceMeHCcTBO
BCeX 3aMKHYTbIX MmoamHoxKecTB MHoxecTBa X. Ilo ompenenenuto (cm. §11)
KaxIblil dj1eMeHT U3 F sBAsIeTCs NLOTIONHEeHHeM eIMHCTBEHHOrO 3/eMeHTa u3 G
1 Hao60poT. HanoMHuM, 4T0 MHOKEeCTBO G 3aMKHYTO M0 OTHOLIEHHIO K JI06bIM
06beIMHEHHSIM H KOHEUYHBIM IepeceyeHHsIM, a8 MHOXKeCTBO F 3aMKHYTO OTHOCH-
TeJIbHO JIOObIX NMepecedeHHil W KOHeUHbIX oObequHeHuil (npemyioxxenne 11.1).
Jlerko mocTpouTh MpHMepbl, B KOTOPIX CUETHOE NepeceyeHre OTKPHITbIX MHO-
JKECTB He sIBJISIETCS OTKPBITBIM H CUETHOE NepeceyeHre 3aMKHYThIX MHOXeCTB
He 3aMKHYT0. O/IHAaKO TaKHe MHOXKECTBA HAaCTO/bKO Ba)KHbl B aHAJIH3e, UTO UM
JIaHbl CrellhasibHble Ha3BaHHS.

Onpenenenune 21.1. MHoxkectBo A C X Ha3blBaeTcsi MHONMCECMBOM MU-
na Gs, ecid ero MOXKHO MpPEeACTAaBHTb B BHJE CUETHOrO MepecedeHHst OTKPbIThIX
MHOXKeCTB; MHOXecTBO A C X HasbiBaeTcsi MHONMECmMB8oM muna Fq, €ciy ero
MOJKHO MpPeICTaBUTb B BHJE CUETHOTO 0O0beIMHEHHS 3AMKHYTbIX MHOXKECTB.

Teopema 21.2. [Tycmo (X, p) u (Y, d) — dsa mempuueckux npocmpan-
cmsa u f: X — Y — a0boe omobpaxcenue. Toeda mHoxcecmso scex mouex,
8 KOmopoLx omobpaxcerue [ HenpepolBHO, ABALEMCL MHONCECTBOM M-
na Gs.

Hoxkaszateabctso. [lyets A C X. Onpenennm koaebarnue dynxyuu f
Ha MHONMecmee A KakK 3JIeMeHT pacIIMPeHHOrO MHOXKeCTBa JeHCTBUTE/bHbIX
yrces R U oo, 3a1aHHblil caenyonmmM o6pasom:

w(A) = sup{d(f(x), f(y)):x, y € A}.
Ias xy € X onpenennm Koaebanue pynkyuu [ 8 mouke xy, nojaras
o(x0) = lim o(B(xo, ).
Jlemma 21.3. [Tycme f:X — Y u e > 0. Toeda mroxmecmso
W, ={x € X:0(x) < ¢}

OMmKpbLMO.

HokaszarteabcTBo saeMMbl 21.3. Ilyerb xp € We. Ilyctb w(xg) < €.
DTO 03Hauaer, uToO CYLIECTBYET Takoe & > 0, uto aas JobbiX x, y € B(xo, 8)
BbINoJHeHo HepaBeHcTBO d(f(x), f(y)) < €1 <e. Tlyers z € B(xo, 8/2). Ecan
21, 29 € B(z, 8/2), 10 21, 29 € B(xp, 8) 1 nosromy

d(f(z1), [(z2)) <.
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Orciona caenyer, uto w(B(z, §/2)) <&, <e. Ho Torma w(z) <€ n mMHOXe-
ctB0 W OTKpBITO. O
UroGbl 3aBEpLIMTb I0KA3aTeJbCTBO TEOPEMbI, 3aMETHM, UTO

{xo(x) =0} = n Wi/a,

n=1

no3ToMy (CM. yrnpaKHeHHe 72) MHOXECTBO BCEX TOUEK HENpepbIBHOCTH OTOO-
paxenus [ umeer tin Gs. O
Caencreue 21.4. Mnoxecmso mouexk paspoisa aw060id Gynkyuu
[ X =Y umeem mun F.
HoxasateabcTBo. CM. ynpaxHenue 71. a
Teopema 21.5 (Teopema bspa o KaTeropl/ngé ITycmo (X, p) — noanoe

mempuieckoe npocmpancmeo, u nycme S = |J Sn, npuuem sce muooce-

cmsa S, Huede ne naomnu 8 X. Toeda MHODICgCr;iBO X\ S scrody naommo
8 X. B wacmnocmu, mnoxecmso X Heav3ds npedcmasumo 8 sude cuem-
HO020 06BeduneHun Huoe He NAOMHbLX MHONCECMS.
IokasaTteabcTBoO. [lycts By — HenycToit wap B X. Uro6bl nokasars,
yTo MHXKecTBO X \ S Belofly MI0THO, nokaxeM, uto X \ S N By # @. [Moctpoum
0 UHIYKUMH TAKYIO NOCJIE0BATENbHOCTb BJOMKEHHBIX WapoB B, = B,(x,, ry),
uro rp, < 1/n n L L
Bn+l C Bn \ Sﬂ+l-

Uro6bl YGEaHTCS B TOM, YTO 3TO BO3MOXKHO, 3aMeTHM, uto B, \ S, # @, Tak
KaK MHOXECTBO S, |, a 3HAUHT, H MHOKECTBO S,y HHMIJe He MOTHbI. Torna
BO3bMeM KaKYl-HHOYIb TOUKY X+ € B, \ Sya1. [lockosibKy MHOXeCTBO S,
3aMKHYTO, HMeeM

dist(xn+1, Sat1) >0,

M03TOMY MOXKHO Bbl6paTb TpebGyeMblii wap Bpy). [TocnenoBatesnsHocTs {x,}
siBsieTCsl MocJqefoBaTeJbHOCTbIO Koliy, Tak. Kak s Jio6blx 1, m > N Bbl-
TOJIHSIETCS] HEPABEHCTBO

2
Plxn, Xm) < p(Xn, Xn) + PN, Xm) < 5.

Tak Kak npocTpaHcTBO X MOJIHO, CYLLECTBYET Takasi To4Ka X, 4To x, — x. Ho
LJ15l BCEX 71 TOUKA X,4| MPHHALIEKHUT B,y ), MosToMy

x€()BaCByN(X\S),

n=1

4TO W TpeGoBaJOCh I0KA3aTh. |
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Tenepb Mbl roTOBbI J0Ka3aTh CJELYIOLLYIO TEOPEMY.

Teopema 21.6. He cyuwecmsyem ¢ynkyuu f:R — R, Henpepoigroi 8o
8Cex pPAyUOHAAbHOLX MOYKAX U DA3PLIBHOL 80 BCeX UPPAYUOHANbHLIX
moukax.

HoxasaTteanbcTBo. CoracHo ciiefcTBuio 21.4, nocTaToyHo f0KasaThb,
YTO MHOXKECTBO BCEX HppaLMOHAJbHBIX YHCEN He fBJISeTCS MHOXKEeCTBOM TH-

o0
na F,. Ipeanonoxum o6parHoe: nyctb R\ Q = |J F,, npuuem Bce MHOXKe-

n=1
CTBA F,, 3aMKHYTbI. Torma Ka)Xaoe MHOXKeCTBO F,, HUTEe He IUVIOTHO, TaK KakK B

NPOTHBHOM CJlyuae Halllesicsi Obl UHTepBaJ, B KOTOPOM F, 6bl10 Obl MJIOTHO, a
3TO HEBO3MOXKHO, MOCKOJIbKY, GYIyYH 3aMKHYTbIM MHOXeCTBOM, F,, conep:KaJo
6bl 3TOT HHTEPBaJl, YTO MPOTHBOPEUUT TOMY, uTo R \ QQ He conepKUT HUKaKOro
MHTepBasna.

Hanee zamerum, uto MHOXecTBO QQ MMeeT TN Fg, TaK Kak OHO sBJIs€TCH
00'beIMHEHHEM CUETHOTO YHCJ/a TOYeK, KOTOpble, KOHEYHO e, SIBJAI0TCA 3a-
MKHYTbIMH MHO>XecTBaMH. TakuM 06pa3oM, Mbl MpeACTaBUIH MHOXecTBO R,
KOTOpOe $IBJIsieTCsl MOJIHbIM MeTPpUYECKHM MPOCTPAHCTBOM, B BHIE CUYETHOIO
06belMHEHHSl HUTIE He MJIOTHBIX MHOXKECTB, UTO NPOTHBOpPEUHT Teopeme Bapa
0 KaTeropuw. O

YnpaxkHeHue 73 CONEPXKHUT p-afMuyecKHi aHaJOT ITOro yTBEPKIAEHHS.

YnpaxHeHus

68. TToctpoiite dynkuuio f:R — R, KoTopasi HanoMHHaeT QYHKUHMIO fo U3
npumepa 20.3, ¥ JOKaxKUTe, YTO OHA Pa3pblBHA B KaXK/IOH TOUKe.

69. [1yctb X — meTpuueckoe npocTpaHcTBo. [Jokaxure, 4to

1) ecit MHOXKecTBO F 3aMKHYTO, TO OHO MMeeT THI Gs;

2) ecan MHOXKecTBO G OTKpBITO, TO OHO MMeeT THI Fg.

70. [TocTpoiiTe MHOXKECTBO, KOTOpPOe MPHHANEXUT F, N G5, HO He sIBAsIeTCS
HH OTKDBITbIM, HH 3aMKHYTbIM.

71. JoxkaskuTe, uTo ecyii MHOXKecTBO A nMeer TNl Fg, TO €ro JOMOJHEHHE
X \ A umeer tun Gz 1 Hao6OpOT.

72. Jlokaxwure, uto ¢yHKuMs [ HenpepbiBHa B TOYKE X( TOTAA H TOJIBKO
Toraa, Koraa w(xp) = 0.

73. JlokaxuTe, YTo He cyuiectByeT GyHKUMH f:Z, — Q,, KoTopas Obina
Gbl HernpepbiBHA BO BCeX TouKax U3 N, HO pa3pbiBHa BO BceX ToUKax M3 Z, \ N.

§22. JuddepeHuupyemoctb p-aanueckux GpyHKUUN

Teopema Jlarpanxa o cpeaHeM 3HaueHHH sIBJIsieTCS] KPAeyroJibHbIM KaAMHEM
I deperunanbHoro uculcienus. OHa yTBepXKaaeT, YTO AIS KaxKA0H napbl
TOUEK X # y u3 obsacty onpenesenus uddeperLrpyemon GyHKUMK f cylue-
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CTBYET TaKast Touka {, Jiexauas mexcdy ToYKaMH X 1 Y, 4To

fy) = f) = '@y - x). 22.1)

Takum o6pasoM, ecan f’(x) = 0 nast Bcex x, To u3 paBeHcTsa (22.1) caenyer,
uto f(x) = f(y).

Ilnsi p-amuueckux (YHKLUMA 3TO HEBEpPHO: CYLLECTBYIOT HeMOCTOsIHHbIe
(byHKLMH, MPOM3BOIHbBIE KOTOPbIX TOXIECTBEHHO PaBHbl HYJIO, MO3TOMY T€O-
peMy o cpeiHeM 3HaueHHH BpSIL JIH MOXKHO PaclpoCTPaHHTb Ha p-aJHuyecKHi
cjydaii, naxe ecau y6patb M3 (DOPMYJHPOBKH CJIOBO «MeX[Iy», KOTOpoe He
¥MeeT CMbIcaa /il p-aquueckux yuces. Caenylowmi npuMep nokasblBaeT, 4To
MPOUCXOJUT B P-aJHUECKOM CJyuae.

Mpumep 22.1. [lycts £ C Z, — noaMHOXKeCTBO 6€3 H30JIHPOBAHHbBIX TO-
yeKk, ¥ NycTb f— JioKasbHO nocTosiHHas ¢yHkuus Ha E. Torna nas kaxkporo
a € E cyuwectByer Takoe € > 0, uto ecau x € E ynoBieTBOpsieT HepaBEHCTBY
|x —al, <e, 1o f(x) = f(a). Takum o6paszom,

f) = fla) _

~—a , ecad ja — x|, <e,

nosromy dyukuust f nuddepenurpyema Ha £ u f'(a) =0 mns Bcex a € E!

W3 sToro mpumepa BHIHO, UTO CYLIECTBYeT AOCTAaTOYHO LIMPOKHH KJjacc
HEMOCTOSIHHBIX (PYHKLME, TPOH3BO/IHbIE KOTOPbIX PAaBHbI HYJII0. DTOT pPe3yJbTaT
NPOTHBOMOJIOXKEH He TOJIbKO pe3yJibTaTaM BellleCTBEHHOrO aHaJju3a, HO H CBOM-
CTBaM aHANMTHUECKHX (DYHKLMH, T. €. (pyngouuﬁ, KOTOpble 3a/1al0TCsl CTEMEHHbIMHU
psimamu. eiictButenbHo, myctb f(x) = > a,x", x € R, u E — obaactb cxo-

n=0
JMMOCTH 3TOTO CTereHHoro psaaa. Torna ecan GyHKUKs f' TOXKAeCTBEHHO paBHa

HYJI0, TO BCE €€ POH3BOJHbIE TAKXKE TOXKIAECTBEHHO PABHbI HYJIO H MO Npeio-
eHuto 18.7 Bce K03 pHLMEHTb! @, CTENEHHOro psiia paBHbl HYJIO NMpH & > 1,
nostoMy f(x) = ag, T.e. QYHKUHMS SBJISETCS KOHCTAHTOM.

Kak Mbl yxe Buzenu, MHOXecTBO GyHKUMi {f:Z, — Q,: f' = 0}, Takxke
Ha3blBaeMbIX NCEB00KOHCMAKMAMU, COLEPXKHUT JIOKATbHO NOCTOSIHHbIE (hYHK-
uni. Crenylouyii npuMep onpoBepraeT ecTeCTBEHHOE MPEANoJioXKeHHe O TOM,
YTO BCE ICEBIOKOHCTAHTbI SIBJISIOTCS JIOKAJNbHO MOCTOSIHHBIMH.

MMpumep 22.2. CyuiecTByeT HHbEKTHBHAS (4, TAKUM 06pa3oM, He JIOKaJIbHO
noctosiiHas) GyHkuus f: Z, — Z,, npou3BoJHast KOTOPO# TOXAECTBEHHO paBHa
HyJ0.

o0
HNokasaTeabctBo. [lycth x = 3 a,p" € Zp; N0N0KHM
n=0

flx) = Zanp2n-
n=0
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Toraa ecau yucaa
o0 o0
x=2aﬂp”ezp H y=Zb,,p”€Zp
n=0 n=0

YIOBJIETBOPSIOT HepaBeHCTBY |x — y|, = p~/ ns nekoroporo j =0, 1,2, ...,
TO
ap=bo, ay=by, ..., aj_1—bj_, a;#b;

n nostomy |f(x) — f(y)|, = p~%. Takum o6pasom, umMeeM
[f(x) — f(y)lp =|x — yl% LJ151 BCeX X, Y € Zp.

Ortciona Mbl 3aKJ/I0uaeM, uto GpyHKUUS f HHbeKTHBHA (W3 paBeHCTBa f(x) = f(y)
CJIeflyeT, UTO X = Y) U

f(x) — f(y)
Tg— =|x—ylp—0 npuy—x,
T.e. [/ = 0 ToxgecTBeHHO. _ [m]

DTOT np1Mep NPUBOAMT HaC K orpefesieHnto yenoBust [énbaepa nis dyHK-
uui.

Onpenenenne 22.3. [ycts £ CZ, na> 0. Gyuxuns f: Z, — Q, ydosae-
meopsaem ycaosuro I'éavdepa nopadka o, eClu CyLIECTBYET TaKas KOHCTAHTA
M > 0, uro nsis1 Bcex x, y € E uMeeT MeCTO HepaBeHCTBO

1F) = )], < Mx — g5

Dynkuus U3 npuMepa 22.2 ynonerBopsieT yesoBHio [énbaepa nopsiaka 2.
3ameTuM, uTo ecau (YyHKUHMs YIOBAeTBOpsieT ycnoBuio [énbiepa mnopsjka
Goabie 1, To f/ =0, N03TOMY B BEILIECTBEHHOM Cayyae f IBJASETCS KOHCTAHTOM.

B BeluecTBeHHOM aHasM3e HMeeT MecCTO TeopeMa Pouauisi, KoTopasi yTBep-
XJaet, uto ecau ¢yHkums [ [a, b] — R HenpepbiBHa Ha otpeske [a, b], aud-
tepenunpyema Ha unrepBane (a, b) u f(a) = f(b), To Hailinercs Takas TOuka
L € (a, b), uro f'(§) =0. Bor npumep, KOTOpbIil IOKA3bIBAET, YTO [JIs P -aquue-
CKHX (pyHKUHH Teopema Pounsi, BooGLe roBopsi, He UMeeT MecTa.

Mpumep 22.4. Paccmotpum dyukumio f:Z, — Qp, 3agannyio dopmyoii

flx) = x? — x.

Mbl umeem f(0) = f(1) =0, f'(x) = pxP~' — 1. Kpome Toro, Taxk Kax
|f'(x) + 1], < 1/p, e f'(x) € =1 + pZ,, nmeem ['(x) # 0 n1si Bcex x € Z,.

Eiue onHo oTuuHe p-aguueckux GyHKUMI OT BELLIECTBEHHBIX 0GHAPYKHBa-
€TCsl, KOTla Mbl PAacCMaTPHBAEM JI0KaJIbHYI0 06GPaTHMOCTb (HerpepbiBHO) AHd-
(epeHunpyeMbix GyHKUMH. B BelilecTBEHHOM aHaM3e BEPHO CJEIYIOLee: eciiu
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ANt Takol ¢yHKUMM [ BblinosiHeHo HepaBeHCTBO f'(xo) # 0, To ¢yHkuma f
JIOKaJibHO 06paTHMa B HEKOTOPOH OKPECTHOCTH TOUKH Xg. [lnsi p-amuueckux
(byHKUHE 3T0, BOOGLIE TOBOPSI, HEBEPHO, KaK MOKa3blBaeT CJeIYIOLIHH Mopa3H-
TeJIbHbIH NPUMED.

Mpumep 22.5. Cywectsyer Takas audoepeHunpyemast GyHkuns f:Z, —
— Qp, uto f'(x) =1 1151 Bcex x € Zp, Ho f(p") = f(p" — p?") ms Beex n €N,
nostoMy hyHKUMSI [ He HHbEKTHBHA HH B KaKOH OKPeCTHOCTH TOuKH 0.

Inst Kaxporo n € N nonoxum B, = {x € Z,:|x — p"|, < p~2"}. Ecan
x € By, 10 |x]p = p7" («no6exnaer cHAbHEHIIHi»), 03TOMY Bce Kpyr B;
nornapHo He nepecekarwTcs. [1on0xuM

x - p2”, ecau n €N, x € B,

f(x) = X, ecin x € Z, \ UBn

Tak Kak p" € By, nmeem f(p") = p" — p?*. C apyroii CTOPOHbI, JIETKO Npo-
BEPHTb, 4To p" — p2" He JIEXHT HH B KakoM Kpyre B,. OTcioga caeayer, 4to

f(p™ — p*") = p" — p?", 1.e. GyHKUMA [ He MHBEKTHBHA HHU B KaKOH OKpecT-
HOCTH HYyJIsl.
Yro6bl g0Ka3ath, 4To f' = 1, paccMoTpuM dyHKuMIO g(x) = x — f(x),

p2”, e n €N, x € B,

gx) =4 o, ecin x € Zp \ UBn.

Tak Kak QyHKuMsi g(x) JIOKaJbHO rocTosiHHa Ha Z, \ {0}, umeem g’ =0 Ha
Z, \ {0}, noatomy moctatouto nposeputh, 4to g'(0) = 0. [Tyctb X € Z)p, x #0,
Torza

Pl
|x|p
0, €CJIM X He JIEXKHT HH B KakoM lape B,.

‘g(x) - g(0)| _ =p7", emneN, xeB,
X p

[Mostomy g’(0) = lin}) g(x)/x = 0. Takum 06pasom, f'(x) = | anst Bcex x € Zp.
X—

§ 23. HenpepbiBHO auddepeHuupyembie pyHKLHH
M M30MeTpuH npocTpaHcTa Q,

B BelijecTBEHHOM aHaJ/iM3e HenpepbiBHO aHpbepeHUrpyeMbIMH (HYHKLHMSI-
MH HasblBalOTCS TakHe [HbdepeHuHpyeMble (HYHKUHH, NPOH3BOAHBIE KOTOPHIX
HernpepblBHbL. Kak Mbl y>ke BHUIenn (npumep 22.5), Lis p-afuuecKux QpyHKUMHA
3TOTO YCJIOBHSI VI JIOKAJbHOM 0O6paTHMOCTH He pgoctaroyHo. OxasbiBaercs,
3TOH npo6seMbl MOXKHO H36€XKaTb, €CJIM YCHJIHTb Olpele/eHne Henpepul8Ho
Juthgpeperyupyemoli HyHKUHH B p-aTHUECKOM CJlydae.
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Onpenenenne 23.1. Ilycts E — HenycToe MOAMHOXKECTBO MPOCTPaH-
ctBa Q, 6e3 n3onupoBaHHbiX Touek H f:E — Q,. [lepsoii pasdeaenroii
pasrnocmoro @, f ans byHKUMM [ HasbiBaeTcs (YHKLMSA ABYX NepeMEeHHbIX X
U y, 3ailaHHast opMynof

@ifx,g) = 1D oy e xzy),
orpejieNieHHasi HA MHOXKECTBE E x E \ A, rze nuaroanb A — 3T0 MHOXKeCTO
Buga A = {(x, x): x € E}. Bynem roBoputb, 4t0 (yHKUHMS [ HenpepolHo Oug-
pepenyupyema (nim C'-rnaakas) B Touke a € E, ecam cylecTsyer npesen
lim @ f(x,
L 1f(x, 9).
WHbiMu cnioBamH, GyHKums [ seasercs C'-rnaakoit B Touke a, eciu oHa aud-
tepeHunpyema B Touke a M 1as Jioboro € > 0 cywectsyer Takoe § > 0, uto
ecau |x —al, <duly —al, <3, (x,y) € E X E\ A, 10
f("j —1©) _ @] < (23.1)
Bynem roBoputb, uto ¢yHKUMSA f SIBJISIETCS] C "rnankoit na E, ecam oua
C'-rnaznkas Bo Bcex Toukax a € E.
3ameuanus. 1) U3 nepapenctsa (23.1) caemyer, uto Beskas C'-rnankas
Ha E ¢yHKuMs nMeeT HerpepbiBHYI0 npou3BoaHylo Ha E. OGpaTHoe HeBepHO.
HeiictButensHo, nycts f — dyHkuus u3 npumepa 22.5. Toraa

- f™ = Fp" - p™) _ _
nl_nﬁngo P =0#1=f(0).
2) 15151 BelleCTBEHHbIX (DYHKUMI HEMpPepbIBHOCTb MPOH3BOAHOM [ rapanTH-
pYeT CylIecTBOBaHHe rpesena
fx) — I(y)
(xy)—(aa) X —Y
(npenen Gepetcst ro BceM x, ¥ € [a, b] LISl KOTOPBIX X # ), OTOMY 4TO
) — i)
14
IJIsi HEKOTOPOTO 4hcaa { MeXay x H y 110 TEOpeME O CpelHEeM.
Tenepb paccmotpum C!-riajkue p-anuueckue hyHKUMHM C TOYKH 3peHHst
JIOKa/IbHOH 06paTHMOCTH. JIerko YCTaHOBHTb J1IOKa/bHYI0 HHbEKTHBHOCTD.
lNMpennoxenne 23.2. [lycmo E — nenycmoe nodmuoxmcecmso npo-
cmpancmea Q, 6e3 usoauposannolx mouex u ¢pynxkyus f:E — Q, se-
asiemes C'-enadkoil 8 nexomopoii mouke a € E. Ecau f'(a) #0, mo
cywecmsyem makan okpecmnocme U mouku a, umo

[fx) = F@lp = @lplx —yl, (x,y € ENU).
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lpyeunu crosamu, pynxyun f/f'(a) asrsemes usomempueil 8 HeKomo-
poil okpecmnocmu mouku a. B wacmnocmu, ¢ynkyus [ unvexmusna 6
OKpecmHocmu mo4Kku a. .

Hokasateabctso. [lo onpenenennio C'-rmagkux ¢yHKuMi cyuie-
cTByer Takoe § > 0, uto as JoGbIX X # Yy, YAOBJETOPSIOLMX HepPaBEHCTBAM
|x —al, <3uly —bl, <3, BLINOJHEHO HEPABEHCTBO

) = [y f(y) - ['(a) <|f'(a)|p'

X —
Torza no cBoiicTBy paBHOﬁEﬂpeHHOI‘O TpeyroanHKa noJiyyaem

[f(x) — f(y)lﬂ — ” (a)| O
lx —

Bosnukaer Bonpoc: Bce H usomeTpnu npoctpaHcTBa Q, CIOPBEKTHBHbBI?
JInsi MHOTHX 3HAKOMbIX HaM MeTPHUeCKHX npocTpaHcTs (Hanpumep, R, R?, R?,
runep6osiHuecKas MJ0CKOCTb) 3710 BepHo. OHAKO 3THM CBOHCTBOM o6Jana-
10T HE BCE MeTPHYECKHE NPOCTPAHCTBA, KaK MMOKa3blBaeT CJefyloliHi NpocTol
npumep.

Paccmotpum MHoxkecTBO £ = {x € R: x > 0} ¢ 06bIlUHbIM €BKJIHAOBBIM pac-
crosinveM d(x, y) = |x — y|. Torna cueur f(x) = x + 1, oueBHaHo, sBIsETCA
M30MEeTpHEl!, HO He CIOPBEKTHBHOM.

Tem He meHee, Bce M30MeTpHH npocTpaHcTBa (@, CIOPBEKTHBHBI, MOTOMY
YTO 3TO MPOCTPAHCTBO 06JIaflaeT CAEAYIOLHMH AByMs CBOHCTBaMH.

1) TTpocTpanctBo Q, JIOKaIbHO KOMMAKTHO.

2) JTio6oii caBur x +— x + a (a € Q,) sABAseTcs B3AHMHO OJHO3HAYHOH H30-
MeTpHel npocTpancTsa Q,.

ChHauyana Mbl JIOKa)KeM, UTo HY>KHbIM HaM CBOCTBOM 06/1afaloT KOMNAK M-
Hble MeTpPHYECKHE MPOCTPAHCTBA.

MNMpennoxenune 23.3. Jiobas usomempus KOMNAKMHOO MemMpPU1ecKo-
20 npocmpancmea Ha cebs COPBeKmusHa.

HokasateabctBo. [lycts (X, d) — KOMNakTHoe MeTpHUecKoe Mpo-
CTpaHCTBO, a f: X — X — ero usomerpus. [1pennonoxum, uro oto6paxenue f
He CIOPBEKTHBHO, T. €. CYLIECTBYeT Takasi Touka y € X, uro y € f(X). Torza Jer-
KO BHJIETb, YTO CYLIECTBYET TaKoH OTKpbIThIH wwap B(y, r), uro B(y, r) ¢ f(X).
B camoM gnene, B MpOTHBHOM cJiydae Halliach Obl TaKasi MOCJEA0BATENbHOCTD
Yn — Y, u4T0 Y, = f(x,). [TockosnbKy nmpocTpaHCTBO X KOMMNAKTHO, MOCJ/e0Ba~
TeJbHOCTb {X,} COAEPXKHT TaKyl0 CXOAALLYIOCS NOANOCAEN0BATEbHOCTb {Xy, },
yro lim x,, =x € X. Tak kak lim y,, =y W oroOpaxeHHe [ HenpepbIB-

k—o00 —00
HO (KaK M Jiio6asi H30OMEeTpHsi), MoJydyaeM, uto f(x) =y, uTO MPOTHBOPEUHT
npeanoJoxenuio. Mirak, tpebyemblii OTKpbITHIH Wap B(y, r) cyuiecTByerT.

Tenepb mocTaTOUHO JAOKa3ath, YTO Jl06asi H30OMETPHSI KOMMAKTHOTO MeT-
PHUECKOTO MPOCTPAHCTBA «MONafaeT» B J06OH OTKPbITHIN wWwap. UTo6wl cie-
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JaTb 3T0 GoJiee SICHBIM, BBeleM MOHsiTHE emKxocmu. 3adHKCHPYeM HEKOTOpoe
JeHCTBHTeNbHOe yucao r > 0 U paccMOTPHM BCEBO3MOXKHbIE MOKDBITHS NPO-
cTpaHcTBa X Lapamu paauyca r. Kaxkioe Takoe MoKpbITHE COAEPXKHT KOHEUHOoe
noanokpuiTHe. Ha3oBéM MuHumMarbHOE KOMUUECTBO 1LIAPOB paauyca r, MOKPbl-
BaIOLLIMX TPOCTPAHCTBO X, eMKocmoro 1 0603HauuM ee uepe3 h(X, r). O6pa3
f(X) komnakrtHoro npoctpanctBa X KomnakreH ([9], Teopema 4.14). Ceifiuac
Mbl JIOK2XKEM, YTO €MKOCTb HE MEHSIETCSI NIPH H30METPHSIX.

Jlemma 23.4. Ecau f:X — X — uzomempus Komnakmuozo mempuue-
cko2o npocmpancmea Ha cebs u r >0, mo h(X, r) = h(f(X), r).

JlokazaTeabcTBOo JeMMbl. Ilyetb X C BjUBoU...U By —no-
KpbITHE NpocTpaHcTBa X, cocTosilee 3 N wapos panuyca r. [TockosbKy 0T06-
paxkeHHe [ AIBISieTCS H3OMETPHEH, OHO HHBEKTHBHO, H MO3TOMY OoTOGpaxaer X
Ha f(X) B3auMHo onHo3HauHO. TakuM o6pasom, f oToGpakaeT Kaxibli wap

Bi =B(x;, r)={x € X:d(x, x;) <r}
Ha Wap, Jexaluil B npocTpaHcTBe f(X) W uMelolmi BUH],

f(Bi) = {x € f(X):d(x, f(xi)) < r} = B(f(xi), r).

Torpa
f(X) C f(B1) U f(B2) U ... U f(Bw)

1 h(f(X), r) < h(X, r). Ho ecii npuMeHHTDb TO XKe caMoe paccy»KaeHHe K 0To6-
paxenuio f~!: f(X) — X, To nonyuum A(X, r) < h(f(X), r), uTo U n0Ka3bIBaET
JleMMy. O

BepHeMcsi K 0Ka3atelibCTBY npeioxenus 23.3. Hanomuum, uro cornac-
HO HallleMy HCXOIHOMY MPEIMOJIOXKEHHIO H30METpHs f: X — X He CIOPBEKTHB-
Ha; M03TOMY CYLLECTBYET OTKpbIThIA wap B(y, r), He nepecekarouuiics ¢ f(X).
Mycts h = h(X, r/2) n

BiUByU...UB, DX - (23.2)

— MHHHMaJibHOe TMOKpbITHE MpocTpaHcTBa X wapamu paauyca r/2. 3ame-
THM, YTO eCJH 1wap B; comepxut Touky y, To B; N f(X) = @. 10 03Hauaer,
YTO €CJIH Mbl M3 MOKpbITHA (23.2) BbiKHMHeM wwap B;, To ocTaBuHecs lla-
pbl mo-mnpexkHemy OylyT NoKphiBaThb npoctpaHcTBo f(X). Takum o6pasom,
h(f(X), r/2) < h(X, r/2), uTo npotHBOpeuUT Jemme 23.41. O

TMpennoxenre 23.3 MOXHO 10Ka3aTh, HE MCMIONb3Ys MOHSTHE eMKOCTH. PaccMOTpHM mo-
cneposarenbhoctb Touek y, f(y), F(F(y)), f(f(f(y))), ... TMockoabky mpocTpaHcTBO X KOMNakT-
HO, CYLECTBYIOT TaKWe LBa uJeHa 3Toi nocaegosateqabHoctd f™(y) u f*(y) (m > n), uto
d(f™(y), f*(y)) < r. Ho rorna d(f™~"(y), y) = d(f™(y), ["(y)) < r, uTO NPOTHBOPEUHT TOMY,
uto B(y, r) N f(X) = &. — llpum. nepes.
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Teopema 23.5. JTwbas usomempus npocmparcmsa Q, CropseKmugHa.

Hokaszateabctso. [lyets f:Q, — Q, —H30MeTpHs, He siBAsIOLIAsICS
clopbektuBHoil. Ecan f(0) = a, To g(x) = f(x) — a — TaKxKe HeCIopbHEKTHB-
Hast u3omeTpust npoctpanctBa Q,. Torna cyulectsyer Touka y & g(Q,). Ilyctb
lylp = r. TlockonbKy oT6paxenue g spasiercs uzomerpreit n g(0) = 0, oo
oTo6paxaeT 3amkuyThiii wap B = B(0, 2r) na ce6s u y ¢ g(B). Tak kak B—
KOMMAKTHOE METpHYeCKOe MPOCTPAHCTBO, MOJYyYeHHbIH Pe3yJbTaT NPOTHBOPE-
UHT NpeIoxKeHHIo 23.3. O

YnpaxHeHnus
74. Tlyctb dyukuus f:Z, — Z, onpenensercsa cjelyiouieil GpopMyoi:

00 oo
f(z anp”> = Zanp”2
n=0 n=0

JHokaxure, yto f' =0, T.e. f — nceBOOKOHCTaHTa.
75*. Tlyctb dyukums f:Z, — Z, onpeaesercs cielyioulel Gopmy.ioi:

f(; anp”) = g;) anp"

Jokaxkute, uto dyHKuusi [ uubekTHBHa, f =0 u f ynoBJeTBOpsieT yc/0BHIO
Fénbaepa nopsiaka o A5 JIOGOToO MOJIOXKHTENbHOTO YHCIA d.
76. Iyctb dynkuus f:Z, — Z, onpenensercs ciaeiylouiei popmyJoi:

o0 o0
(T anrt) =3 e
n=0 n=0
Iokaxkute, uto yHKUMS [ HenpepbiBHA.

§ 24. UHTepnosupoBaHue

[lyctb ay, ag, ... —nocen0BaTeNbHOCTD 3/1eMeHToB npoctpancta Q,. Ee
MOXXHO paccMoTpeTb Kak dyHKuHio f: N — Q,, 3anannyio dopmynoi f(n) = ay.
Tak kak MHO>KecTBO N n/10THO B Z, 13 TeopeMmbl 20.5 caiefyer, uTo cyliecTByer
He GoJiee OfHOH TaKo# HenpepblBHOH tyHKuMH F:Z, — Qp, ut0 F(n) = f(n)
nnst Beex n € N. Ecai takast dynkuus F cyuiectByer, To 6yieM roOBOPHTb, YTO
NOC/IeI0BATEIbHOCTb {a,} MOKMKem Gboimb unmepnoauposara. KoxeuHo, ana-
JIOTHYHOE OMpeJieieHHe MOXHO [aTh A/l ABYCTOPOHHHX MOCJ/eN0BaTe/bHOCTEH,
H LJ1s NocJiefloBaTe/IbHOCTel BUAA dg, A, . .

Ecan ¢ynkuusa f(n) = a, paBHOMepHO HenpepbiBHa Ha N, To M3 Teope-
Mbl 20.5 HenocpeaCTBEHHO CJIeyeT, YTO NOC/e0BaTebHOCTb {@,} MOXET GbiTh
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vHTeproJHpoBaHa. O6paTHO, MpeAnoJoXuM, uto f(n) = a, MOXeT ObITb HH-
TeproJIMPOBaHa HempepbiBHOK ynKuHei F:Z, — Q,. Toraa no teopeme 20.4
dyHKuust F paBHOMepHO HenpepbiBHa Ha Zp, a 3HauuT, U Ha N. Takum 06-
pa3omM, Moc/e0BaTeNbHOCTb 4y, dg, ... 3JeMeHTOB mpoctpaHcTBa Q, Moxer
ObITb HHTEPNONMPOBAaHA TOTAA H TOJBKO TOrAa, Koraa aas jwboro € > 0 Haii-
Jpetcs Takoe N, uto

-N

eci [n—m|, < p~", 10 |a, — am|p, <e. (24.1)

Oka3biBaeTcsi, He 06s13aTe/IbHO paccMaTpUBaTh BCE MOJIOXKHTENbHbIE YKL 11,
m, LJs KOTOpbIX |n — m|p, < p~". loctaTouHo npoBepHTb ycJoBue (24.1)
TONIKO Ml TAaKHX YMCEeJ 7, 17, KOTOpble OTJHYAITCA Ha JOCTaTOYHO 60Jb-
1ylo CTeNeHb Yyucaa p. boJiee TouHO, HMeeT MeCTO clelyiollee YTBEPXKIEHHE.

Mpennoxenne 24.1. [Tycmo a,, ag, ... — nocredosamenrsHocme 3ae-
menmos npocmpancmsa Qp,. Ona mosxcem 6bimo URMEPNOAUPOBAHA MO-
eda u moabko moeoda, koeda Oaa amoboeo € > 0 cywecmsyem maxoe N,
4mo .
ecrun=m+ pV, mol|a, — am|, <e. (24.2)

JokaszatenbctBo. Ecau dyukuus f(n) = a, paBHoMepHO HenpepbIB-
Ha, To s Jioboro € > 0 cyulecTByeT Takoe N, YTO BBIMOJHSIETCS YCJIO-
Bue (24.1). B uacTHocTH, 3To BepHo s n=m + pV, Tak kKak B 3TOM
cayyae [n — m|, < p~V. TTokaxem, uto U3 Goslee c1aboro, Ha NepBbIil B3NS,
ycnoBus (24.2) cienyer paBHOMepHasi HenpepbiBHOCTb. Jlaisi naHHoro € > 0
Haiinem N, 1is KoToporo BhinmoJiHseTcs ycioBue (24.2). Bosbmem n, m € N,
YIOBJIeTBOpsiiowne HepaBeHCTBy |n — m|, < p~V. Torna n — m neantcsi na pV,
nostomy n = m + bp"N nns nekoroporo b € N. Mbl umeem

b
ap — am = Z(am+jp”/ - am+(j—l)p~)~
j=1

W13 nawero ycnoBusi (24.2) cnenyer, uTo p-aauueckas HOpMa KaXkaoro cJja-
raemoro MeHblue €. [IpuMeHsisi cHIbHOE HepaBEHCTBO TPEYroJIbHHKA, NoJyyaeM
lan — am|p <. O

B HeKOTOpPOM cMbiC/le paBHOMepHasi HenpepbiBHOCTb MOCJEN0BaTENbHO-
CTH {a,} NpOTHBOMOJOXHA CBOWCTBY ObITb MOC/AENOBATENbHOCTbIO Koluu.
Chnenyouiee npocroe yTBepxieHHe 1aeT HaM MHOXECTBO MPUMEPOB He paB-
HOMEPHO HemnpepbIBHbIX MOCJ/e0BaTeIbHOCTel, KOTOpble, C/eN0BaTeNbHO, He
MOTYT GbITb HHTEPMONHPOBAHBI.

Mpennoxenne 24.2. ITycmeo {a,} — Henocmosarnnas nocaedosamens-
Hocme Kowu, cocmoawas u3 p-aduueckux yucen. Toeda ona e mosxcem
boLmb unmepnoauposana.
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Ioka3zaTeJbcTso. [Ipeanonoxum, uTo nocnesoBaTesbHOCTb {@,} MO-
XKeT GbiTb HHTEPIIONHPOBAHA HenpepbiBHOH (yHKuMel f:Z, — Q,, f(n) = a,.
Tak kak N nsotHo B Z,, a5 mo6oro x € Z, \ N cyuiecTsyer noc/ienobaresib-
HOCTb HATypaJibHbIX YHCEJ M, cXoasiasics K x. [TocnenoBarenbHocTs {a,} sB-
JisieTcs MOCJIe10BaTeNbHOCTLIO KoLK 1 MO3TOMY CXOIMTCS K HEKOTOPOMY HYHCJIY
¢ € Q,. Torna n noc/ien10BaTeJILHOCTD {dp, } CXOAUTCS K TOMY XK€ caMOMy npeje-
J1y, H 110 HETPEePLIBHOCTH HMeeM f(x) = klln;o an, = c. [lanee, TaK Kak MHOXeCTBO

Z, \ N takxe niotHo B Zp, ans mo6oro n € N cyiiecTByeT Takasi noc/eno-

BaTeNbHOCTb X, € Zp \ N, uto = lim x,. Torma a, = f(n) = lim f(xx) =c,
k—o0 k—o00

T.e. {a,} fIBIsIETCS MOCTOSIHHOH MOCJENOBATENLHOCTBIO, H, TAKUM 060pa3oM,

NOJIYYU/IH NPOTHBOpEUHe. g

LN NOMHOTBbI H3JI0XKEHHsT [0KaXKeEM HECKONbKO CBOHCTB paBHOMEPHO
HernpepbIBHbIX (QYHKUHA (HEKOTOPHIMH M3 HHX Mbl YXK€ M0JIb30BajliCh B Te-
opeme 20.5).

Mpennoxenne 24.3. lTycmo E CZ, u pyncyuu fE - Qpu g:E - Q,
pasHomepHo HenpepolsHol Ha E. Toeda pynkyuu f+ g, f — g u fg maxxce
PasHOMEPHO HenpepolgHbt Ha E.

HokasateabcTBo. [l J060ro HaTypasJbHOTO YHCJa S CYLIECTBYET
TaKoe HaTypaJlbHOE YHCJIO ¢, YTO H3 HepaBeHCTBa |x — y|, < p~! caenyer, uto

[fx) = [Pl <p™ u |gx)— gl < p~*.

ITo Teopeme 20.5 dyHKuHH f H g orpaHuuenbl Ha E u, cienopatenbho, Ha E CE,
T.€. CYLIECTBYeT TaKoe HaTypasibHOe UHcJIo 4, uto |f(x)|, < p* 1 |g(x)|, < p*“.
IMyctb x, y € E, npuuem |x — y|, < p~'. Torna

|(F(0) + g(x) = (F) £ )], = (F(x) = [(y)) £ (g(x) — gW)lp < P~°,
|F(0) 80 — Fw) )], =] ) () — @)+ (fx) — f@)g)] , < p~*. D

Cnencreue 24.4. Jloboi mnozouren P(x) ¢ koagpdpuyuenmanu 8 Q,
pasHomepHO Henpepoiger Ha aobom nodmuonecmse E C Zy.
JlokaszaTeabcTBO. JT0 cleayeT W3 TOro, 4to QyHKuMM f(x) =c¢ H
f(x) = x paBHOMepHO HemnpepbiBHbI Ha JI060M noaMHoXecTBe £ C Q. 0O
Caencreue 24.5. [Tycmeo
(x) _xx=1...(x=n4+1

n n!

— OUHOMUANbHYLL fcoazptbuqueu}n, edene€Nu x €Z,. Toeda ¢pynkyus
Pn(x) = (x) PABHOMEDPHO HenpepuisHa Ha L, u |(x)| <l,me (x) €Z
n n p p P n p < i €. n p-

x
JokasaTteabcTBo. [Tockoabky P,(x) = (n) — MHOTOYJIEH C paLMo-
HaJIbHBIMH KO3()(pHUHMEHTaMH, OH DPaBHOMEDHO HerpepbiBeH Ha Z, N0 cJjef-
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cruio 24.4. Tlyets x € Z,. Torna cyiecTByeT Takas MOC/eN0BaTeNbHOCTb
{xm} C N, uto x = lim xp. [1o HenpepbiBHOCTH MHOrOUNEHA P,(x) HMeeM
m—o0

Jm () =)

X
nOCKOJ]be Kaxzaoe 4ucJjo ( m) SIBJIAETCA LeJbIM pallOHaJIbHbIM, HMEET ME~
Xm

CTO HEepaBeHCTBO ((x'")l < 1. Tosromy l(x)l = lim ( )l <1, 16
n p n/ip n P

m—00
x
(%) ezy. 0
(CpaBHute 3T0 [I0Ka3aTelbCTBO C JOKA3aTeJbCTBOM JeMMbl 14.4, rie Mbl
X
JI0Ka3asu Jllb, YTo (n) € Z, ans moboro x € Zp.)

Tenepb paccMoTpuM p-anHuecKylo nokasaTesbHylo yskuuio. Hawa uesb
COCTOMT B TOM, YTOGbI BbIICHHTB, /151 KAKHX p-afHueCcKHX yHces a € Q, nocJe-
noBatesnbHOCTh 1, a, a2, a3, ... Moxer GbiTb HHTeproIHpoBaHa. B pesyabrare
MHTEPIOJISILH MOJYYHTCSl HEMpPEPbIBHAs «T10Ka3aTelbHasi» GyHKuus f(x) = a*.

Teopema 24.6. [Tocaedosameavrnocme 1, a, a?, ad, ... moxcem 6ouimo
UHMepnoAupo8aHa moaoa u moabko moaoa, koeda a € 1 + pZ,.

HdokasartenbcTBo. Ham noHago6utcs ciaenyiouiasi OLEHKa.

Jlemma 24.7. [Tycmo 0 < e < 1. Toeda u3 nepasencmsa |y — 1|, <€
goumexaem nepasercmso |yP — 1|, < tly — 1|,, 2de ©=max(e, p~!) < 1.

HokasateabcTBo smemMMbl. [lojsoxum y =1+ a, torna |a|, <ewu

gP— 1= (‘;’)a+ (g)a2+...+ (Z)a"=

=w-n(()+ (g)a+...+ (Z)a"").

Mbl uMeeM l(?)ai"l <plmaj=1,...,p—lula” !, <P e
p

Cnenosaresbho, |y? — 1], < tly — 1|,, rae T = max(e, p~'). O

M3 reopembr 8.5 caenyer, uto

1) ”ll'n;o a?" =1, Torna ¥ TONbKO TOTAA, KOrja

2)a€l+ pZ,.

Yro6hl 3aBepIINTb [0KA3aTelbCTBO, BOCIOJb3yeMcsl NpemioxeHeM 24.1.
TMocnenoparenbhocTs 1, @, a, ... MoXeT GbiTb MHTEpNONHPOBaHa TOTAA W
TosbKo Torma, Koraa |a/t?" — af|, ctpemutcs k O paBHomepHo no j. 3ame-
THM, 4TO ecJiH |a|, < 1, To nocnenosatenbHocTh {a”} ctpemutcs K 0 H, TakuMm
06pas3oM, 1Mo NpeiioxKeHuo 24.2 He MoXeT ObiTb HHTeprionHpoBaHa. [Toatomy
MOXHO CYHTaTh, 4T |a|, = 1. Torna

., on : . n n
la/*7" —al|, = lalj|a” — 1], = a” - 1],
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a nocjeaHee Bbipa)keHHe cTpemutcst K 0 paBHOMEPHO MO j TOTAa H TOJBKO
TOT/@, KOTAa BhIMOJIHsETCs ycoBHe 1), a BMecTe C HHM H 2). a
dyukuus :
a* =lima" (x €Zy, a€l+ pZ,)

n—x

o6JiafiaeT cJefyioLIMMH CBOHCTBaMH, KOTOpble Mbl OCTaBJIsieM Ge3 oKa3arelb-
CTBa: /15 BCeX X, y € Z, u moboro a € | + pZ, BepHo, 4TO

1) a* €1+ pZ,,

2) a*t¥ = a*aY,

3) a* = (ax)—l’

4) exp,(px) = (exp, p)*,

5) (a*)y—o = Inp(a),

X (x

6)a =3 (F)a-1"

n=0 \"

CBOIiCTBO 4) ycTaHaBJHBAET COOTHOLLIEHHE MEXIY QyHKUHEN a* U p-aquue-
cKoll 3KcroHeHTOH, onpenesienHoi B § 15.2. Tlo Teopeme 15.2 psin, onpenensito-
IWHH GYHKUHIO exp (%), pacxomutcsi B Touke x = 1. Onnako psin 0as exp o(PX)
npH p > 3 W psin ansi exp,(4x) npu p = 2 aHaauThubl B Zp. CllenoBaTesbHo,
YHCJI0, aHAJIOTHYHOE €, He MPHHALIEXHT Q,, Ho uncaa e” npu p > 3 u e* npu
p = 2 npunannexat Q,! Takum 06pa3oM, YHC/IO e JIEXKHT B anreGpaHueckoM
paciuupenuy noast Q, crenewu p, ecau p > 3, U cTenenu 4, ecan p = 2.

YnpaxHueHus

77. [lokaxure, uTo 115 Kaxaoro j € N p-aniueckast nocJ/iefoBaTesbHOCTb
17,2/, 3/, ... MoxeT GbITb HHTEPIIONMPOBAHA.
78. Iloxaxute, uto mist Kaxporo j € N p-anuueckas nocsiefoBaTesbHOCTD

1 2 3
7 5] -
MOXeT ObITb HHTEpNOJIHpOBaHa.

79. Ilokaxute, 4TO p-ajuyeckas MocJeIOBATEJNBHOCTb 1 — (—1)" Moxer
ObITb MHTEPIIOJIMPOBAHA TOTA H TOJIBKO TOTAA, KOrAa p = 2.
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